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Equiangular frames are an important class of ﬁnite dimensional
frames because of their superior performance and numerous ap-
plications. The objective of this paper is to present a new tool to
construct equiangular tight frames from groups. We prove that
many equiangular tight frames arise from subsets of groups which
we call signature sets. Subsequently, we deﬁne quasi-signature sets
and examine real equiangular tight frames associated with these
subsets of groups. This approach yields further results and estab-
lishes new correspondences. We extend these results to complex
equiangular tight frameswhere the inner product between any pair
of vectors is a common multiple of a cube root of unity and exhibit
equiangular tight frames that arise from groups in this manner.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
Equiangular tight frames play an important role in several areas of mathematics, ranging from
signal processing (see, e.g. [1,6,17,18], and references therein) to quantum computing (see, e.g. [3,13]
and references therein). A detailed study of this class of frames was initiated by Strohmer and Heath
[22], and Holmes and Paulsen [14]. Holmes and Paulsen have shown that equiangular tight frames give
error correction codes that are robust against two erasures. Bodmann and Paulsen [4] analyze arbitrary
numbers of erasures for equiangular tight frames. Sustik et al. [23] derive conditions on the existence
of equiangular tight frames. Casazza et al. [7] gave a classiﬁcation of equiangular tight frames for real
Hilbert spaces of dimension up to 50.
The problem of the existence of equiangular tight frames is known to be equivalent to the existence
of a certain type of matrix called a Seidel matrix [19] or signature matrix [14] with two eigenvalues.
A matrix Q is a Seidel matrix provided that it is self-adjoint, its diagonal entries are 0, and its off-
diagonal entries are all ofmodulus one. In the real case, these off-diagonal entriesmust all be±1; such
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matrices can then be interpreted as (Seidel) adjacency matrices of graphs. There is a well established
correspondence between graph-theory and signature matrices of real equiangular tight frames as
seen in [14], and recently in [24]. Although graph-theoretic correspondence has resulted in numerous
examples of equiangular tight frames as shown in [24], there are still many important aspects which
remains to be explored, for example, ﬁnding optimal equivalence class of equiangular tight frames for
large number of erasures.
In this paper, we study a new technique to construct equiangular tight frames using groups. We
look at groups and the left regular representation of a group to construct signaturematrices. This extra
structure has enabled the construction of signature matrices from groups in a clear and concise way
thereby providing numerous examples of equiangular tight frames and scope for future research. We
deﬁne special subsets of groups which we call “signature sets” and “quasi-signature sets” and show
that many real equiangular tight frames arise from these sets. We show that the problem of existence
of real equiangular tight frames associatedwith groups is reduced to solving a pair of linear equations.
This group-theoretic approach to frame theory has also led to two new and potentially signiﬁcant
relationships: ﬁrst between reversible Hadamard difference sets and equiangular tight frames of the
type
(
n,
n−√n
2
)
arising from groups, and the second between equiangular tight frames of the type
(2k, k) arising from groups and Artin’s conjecture [2], which is still open.
This paper is organized as follows. We start by giving deﬁnitions and preliminaries of frame theory
in Section 2. In Section 3, we provide some necessary and sufﬁcient conditions for the existence of the
signature sets followed by some examples of real equiangular tight frames arising from them. In [16], a
relation between complex cyclic equiangular tight frames anddifference setswas presented. In Section
4, we establish a relation between signature sets and difference sets. We also study signaturematrices
Q ′ in the standard formwhere thediagonal entries are 0, off-diagonal entries are all ofmodulus one and
Q ′i1 = Q ′1i = 1. In Section 5, we deﬁne quasi-signature sets and use these sets to construct signature
matrices in the standard form. We show that many equiangular tight frames of the type (2k, k) arise
from quasi-signature sets. Finally, we extend our results in the case of real equiangular tight frames to
the case when the entries of Q are cube roots of unity. In [5], it was shown that the existence of such
matrices is equivalent to the existence of certain highly regular directed graphs. In this paper, we use
group theory and combinatorics to show the analogy of the results between this paper and [5].
For notation, throughout this paper we will be working with ﬁnite dimensional Hilbert spaces of
dimension k and our frames will have n elements.
2. Deﬁnitions and preliminaries
2.1. Equiangular tight frames
Let H be a real or complex Hilbert space. A ﬁnite family of vectors {f1, . . ., fn} is called a frame
provided that there exist strictly positive real numbers A and B such that
A‖x‖2 
n∑
j=1
|〈x, fj〉|2  B‖x‖2 for all x ∈ H. (2.1)
A frame is said to be a tight frame ifwe can choose A = B.When A = B = 1, then the frame is called
a normalized tight frame or a Parseval frame. Replacing fi by fi/
√
A always normalizes a tight frame.
One can show (see [6, p. 21], for example) that a family {f1, . . . , fn} is a tight frame with constant A
if and only if
x = 1
A
n∑
i=1
〈x, fi〉fi for all x ∈ H. (2.2)
There is a natural equivalence relation for tight frames,motivatedby simple operations on the frame
vectors which preserve identity (2.2). We say that two tight frames {f1, f2, . . . , fn} and {g1, g2, . . . , gn}
are unitarily equivalent if there exists a unitary operator U onH such that for all i ∈ {1, 2, . . . , n}, gi =
Ufi. We say that they are switching equivalent if there exist a unitary operator U onH, a permutation π
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on {1, 2, . . . , n} and a family of unimodular constants {λ1, λ2, . . . , λn} such that for all i ∈ {1, 2, . . . , n},
gi = λiUfπi . IfH is a real Hilbert space, U is understood to be orthogonal, and all λi ∈ {±1}.
In this paper, we shall be concerned only with Parseval frames for the k-dimensional complex
Hilbert space Ck , equipped with the canonical inner product. We use the term (n, k)-frame to mean a
Parseval frame of n vectors for Ck . Every such Parseval frame gives rise to an isometric embedding of
Ck into Cn via the map
V : Ck → Cn, (Vx)j = 〈x, fj〉, for all j = {1, 2, . . . , n}
which is called the analysis operator of the frame. Because V is linear, wemay identify V with an n × k
matrix and the vectors {f1, . . . , fn} are the respective columns of V . Conversely, given any n × kmatrix
V that deﬁnes an isometry, if we let {f1, . . . , fn} denote the columns of V , then this set is an (n, k)-frame
and V is the analysis operator of the frame.
If V is the analysis operator of an (n, k)-frame, then since V is an isometry, we see that V∗V = Ik
and the n × n matrix VV∗ is a self-adjoint projection of rank k. Note that VV∗ has entries (VV∗)ij =
(〈fj, fi〉)ni,j=1. Thus, VV∗ is the Grammianmatrix (or correlationmatrix) of the set of vectors. Conversely,
any time we have an n × n self-adjoint projection P of rank k, we can always factor it as P = VV∗ for
some n × kmatrix V . In this case we have V∗V = Ik and hence V is an isometry and the columns of V
are an (n, k)-frame. Moreover, if P = WW∗ is another factorization of P, then there exists a unitary U
such thatW∗ = UV∗, and the frame corresponding toW differs from the frame corresponding to V by
applying the same unitary to all frame vectors, which is included in our equivalence relation. If there
exists a unitary U; that is, the product of a permutation and a diagonal unitary (orthogonal matrix in
the real case) such that UVV∗U∗ = WW∗, then the two frames corresponding to V and W are called
equivalent as deﬁned in [14].
Deﬁnition 2.1. An (n, k)-frame {f1, . . . , fn} is called uniform if there is a constant u > 0 such that‖fi‖ = u for all i. An (n, k)-frame is called equiangular if all of the frame vectors are non-zero and the
angle between the lines generated by any pair of frame vectors is a constant; that is, provided that
there is a constant b such that |〈fi/‖fi‖, fj/‖fj‖〉| = b for all i /= j.
Many places in the literature deﬁne equiangular to mean that the (n, k)-frame is uniform and that
there is a constant c so that |〈fi, fj〉| = c for all i /= j. However, the assumption that the frame is uniform
is not needed in our deﬁnition as the following result shows.
Proposition 2.2 [5, Proposition 1.2]. Let {f1, . . . , fn} be a tight frame for Ck. If all frame vectors are non-
zero and if there is a constant b so that |〈fi/‖fi‖, fj/‖fj‖〉| = b for all i /= j, then ‖fi‖ = ‖fj‖ for every
i and j.
Proof. Without loss of generality, we may assume that the frame is a Parseval frame, so that P =
(〈fj, fi〉)ni,j=1 is a projection of rank k. Hence, P = P2 and so upon equating the (i, i)th entry andusing the
fact that the trace of P is k, we see that ‖fi‖2 = 〈fi, fi〉 = ∑nj=1〈fj, fi〉〈fi, fj〉 = ‖f 4i ‖ +∑nj /=i b2‖fi‖2‖fj‖2
= ‖fi‖4 + b2‖fi‖2(k − ‖fi‖2), which shows that ‖fi‖2 is a (non-zero) constant independent of i. 
In [14], a family of (n, k)-frames was introduced that was called 2-uniform frames. It was then
proved that a Parseval frame is 2-uniform if and only if it is equiangular. Thus, these terminologies are
interchangeable in the literature, but the equiangular terminology has become more prevalent.
2.2. Seidel matrices and equiangular tight frames
Deﬁnition 2.3 [20]. A matrix Q is called a Seidel matrix provided that it is self-adjoint, its diagonal
entries are 0, and its off-diagonal entries are all of modulus 1.
The previous section shows that an (n, k)-frame is determined up to unitary equivalence by its
Grammian matrix. This reduces the problem of constructing an (n, k)-frame to constructing an n × n
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self-adjoint projection P of rank k. If an (n, k)-frame {f1, f2, . . . , fn} is uniform, then it is known that
‖fi‖2 = kn for all i = {1, 2, . . . , n}. It is shown in [14, Theorem 2.5] that if {f1, . . . , fn} is an equiangular
(n, k)-frame, then for all i /= j, |〈fj, fi〉| = cn,k =
√
k(n−k)
n2(n−1) . Thus we may write
VV∗ =
(
k
n
)
In + cn,kQ ,
where Q is a self-adjoint n × nmatrix satisfying Qii = 0 for all i and |Qij| = 1 for all i /= j. This matrix
Q is called the signature matrix associated with the (n, k)-equiangular frame.
The following theorem characterizes the signature matrices of equiangular (n, k)-frames.
Theorem 2.4 [14, Theorem 3.3]. Let Q be a self-adjoint n × n matrix with Qii = 0 and |Qij| = 1 for all
i /= j. Then the following are equivalent:
(a) Q is the signature matrix of an equiangular (n, k)-frame for some k;
(b) Q2 = (n − 1)I + μQ for some necessarily real number μ; and
(c) Q has exactly two eigenvalues.
This result reduces the problem of constructing equiangular (n, k)-frames to the problem of con-
structing Seidel matrices with two eigenvalues. In particular, condition (b) is particularly useful since
it gives an easy-to-check condition to verify that a matrix Q is the signature matrix of an equiangular
tight frame. Furthermore, if Q is a matrix satisfying any of the three equivalent conditions in Theorem
2.4, and if λ1 < 0 < λ2 are its two eigenvalues, then the parameters n, k, μ, λ1, and λ2 satisfy the
following properties:
μ = (n − 2k)
√
n − 1
k(n − k) = λ1 + λ2, k =
n
2
− μn
2
√
4(n − 1) + μ2
(2.3)
λ1 = −
√
k(n − 1)
n − k , λ2 =
√
(n − 1)(n − k)
k
, n = 1 − λ1λ2. (2.4)
These equations follow from the results in [14, Proposition 3.2, Theorem 3.3], and by solving for λ1
andλ2 from the given equations. In the casewhen the entries ofQ are all real,wehave that the diagonal
entries of Q are 0 and the off-diagonal entries of Q are ±1. In [14,22], it has been noted that there is
a one-to-one correspondence between frame equivalence classes of real equiangular tight frames and
regular two-graphs [19].
Deﬁnition 2.5. Two Seidel matrices Q and Q ′ are switching equivalent if they can be obtained from
each other by conjugating with a diagonal unitary and a permutation matrix.
Proposition 2.6. Let Q be a signature matrix of an (n, k)-equiangular frame. If Q is switching equivalent
to a Seidel matrix Q ′, then Q ′ is also a signature matrix of an (n, k)-equiangular frame.
Proof. Since Q and Q ′ are switching equivalent, there exist a diagonal unitary U and a permutation P
such that Q ′ = UPQPtU∗. Then
Q ′2 = (UPQPtU∗)2
= UPQ2PtU∗
= UP((n − 1)I + μQ)PtU∗ (using Theorem 2.4)
= (n − 1)I + μUPQPtU∗
= (n − 1)I + μQ ′.
Again by using Theorem 2.4, Q ′ forms a signature matrix for an (n, k)-equiangular frame. 
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3. Real equiangular tight frames and signature sets
Let G be a ﬁnite group of order n. Let λ : G −→ GL(F(G)) be the left regular representation such
thatλ(g)eh = egh whereF(G) is the free vector space overG. Thenweknow that∑g∈G λ(g) = Jwhere
J is the n × nmatrix of all 1′s.
Deﬁnition 3.1. Let G be a group of order n and S ⊂ G\{e}, T = Sc\{e} such that G\{e} = S ∪ T . Form
Q = ∑g∈S λ(g) −∑h∈T λ(h). ThenQ is ann × nmatrixwithQii = 0and |Qij| = 1 for all i /= j.Wecall
S a signature set in G for an (n, k)-equiangular frame ifQ is a signaturematrix for an (n, k)-equiangular
frame.
Proposition 3.2. Let G be a ﬁnite group of order n and S ⊂ G. If S is a signature set in G for an (n, k)-
equiangular frame, then T = Sc\{e} is a signature set in G for an (n, n − k)-equiangular frame.
Proof. If S is a signature set in G for an (n, k)-equiangular frame, then Q as in Deﬁnition 3.1 forms a
signature matrix for (n, k)-equiangular frame.
Let Q˜ = ∑h∈T λ(h) −∑g∈S λ(g). Then Q˜ = −Q and thus Q˜ is self-adjoint with Q˜ii = 0 and for all
i /= j, |˜Qij| = 1. Consider
Q˜2 = (−Q)2
= Q2
= (n − 1)I + μQ (using Theorem 2.4)
= (n − 1)I − μQ˜ .
Thus Q˜ forms a signature matrix for (n, k˜)-equiangular frame for some k˜. Using Eq. (2.3) for −μ,
we get k˜ = n − k. Thus, T is a signature set in G for an (n, n − k)-equiangular frame. 
Deﬁnition 3.3. Given any subset S of G, a subset S˜ of G is said to be conjugate to S if and only if there
exists some g˜ in G such that S˜ = g˜Sg˜−1.
Proposition 3.4. Let G be a ﬁnite group of order n and S ⊂ G. If S is a signature set in G for an (n, k)-
equiangular frame, then for any g˜ ∈ G, the set S˜ = g˜Sg˜−1 = {g˜· g· g˜−1 : g ∈ S} also is a signature set in
G for an (n, k)-equiangular frame.
Proof. Let T = Sc\{e} and T˜ = S˜c\{e}. Form Q = ∑g∈S λ(g) −∑h∈T λ(h) and Q˜ = ∑g∈S˜ λ(g) −∑
h∈T˜ λ(h). Then,
Q˜ = ∑
g∈S
λ(g˜· g· g˜−1) − ∑
h∈T
λ(g˜· h· g˜−1)
= ∑
g∈S
λ(g˜)λ(g)λ(g˜−1) − ∑
h∈T
λ(g˜)λ(h)λ(g˜−1)
= λ(g˜)
⎛⎝∑
g∈S
λ(g) − ∑
h∈T
λ(h)
⎞⎠ λ(g˜−1)
= λ(g˜)Qλ(g˜−1).
Q self-adjoint implies that Q˜ is self-adjoint. Also since for all g ∈ G, λ(g) is a permutation, from
Proposition2.6, Q˜ also formsa signaturematrix for an (n, k)-equiangular frameand thus S˜ is a signature
set in G for an (n, k)-equiangular frame. 
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Remark 3.5. Note that if one of the sets S or T is an empty set, say T = ∅, then S = G\{e}. In this case
we have
Q = ∑
g∈S
λ(g) = ∑
g∈G\{e}
λ(g) = J − In,
where J is the n × n matrix of all 1’s. Thus, μ = n − 2 and S is a signature set for the trivial (n, 1)-
equiangular tight frame.ByProposition3.2,∅ is the signature set for (n, n − 1)-equiangular tight frame.
From this point onwards, both S and T are taken as non-empty subsets of G.
Given subsets A, B ⊂ eqG and g ∈ G, we deﬁne
N
g
(A,B) = #{(g1, g2) ∈ A × B : g1 · g2 = g}.
Lemma 3.6. Let G be a ﬁnite group and S, T ⊂ G\{e} be disjoint such that G\{e} = S ∪ T . Then for all
g ∈ G, Ng(S,T) = Ng(T,S).
Proof. Let |G| = n and |S| = m. Then |T| = n − m − 1. For g ∈ S, assume that Ng(S,T) = l. Then there
are l ordered pairs (gi, hi) ∈ S × T such that for all i ∈ {1, . . . , l}, gi · hi = g. Let us order the elements
of S as {g, g1, . . . , gl, gl+1, . . . , gm−1} where g1, g2, . . . , gl are the elements in S from the ordered pairs
counted inN
g
(S,T) and the gl+1, . . . , gm−1 are the remaining elements of S other than g itself. Thus for all
i ∈ {l + 1, . . . , m − 1}, we have gi · gj = g for some gj ∈ S, gj /= g. That is, Ng(S,S) = m − 1 − l. Again
if we order the elements of T as {h1, . . . , hl, hl+1, . . . , hn−m−1}, where h1, h2, . . . , hl are the elements
in T from the ordered pairs counted in N
g
(S,T) and the hl+1, . . . , hn−m−1 are the remaining elements
of T . Then for all i ∈ {l + 1, . . . , n − m − 1}, we have hj · hi = g for some hj ∈ T . Thus Ng(T,T) = n −
m − 1 − l. Since Ng(T,T) + Ng(T,S) = |T| = n − m − 1, we have Ng(T,S) = l. Similarly we can prove that
for all h ∈ T , Nh(S,T) = Nh(T,S). 
Following is a necessary and sufﬁcient condition for a set S in G to be a signature set for an (n, k)-
equiangular frame.
Theorem 3.7. Let G be a ﬁnite group of order n and S, T ⊂ G\{e} where T = Sc\{e} such that G\{e} =
S ∪ T . Then there exists a k such that S is a signature set for an (n, k)-equiangular frame if and only if the
following hold:
(a) g ∈ S implies g−1 ∈ S and h ∈ T implies h−1 ∈ T;
(b) there exists a real number μ such that for all g ∈ S,
N
g
(S,S) − 2Ng(S,T) + Ng(T,T) = μ (3.1)
and for all h ∈ T,
Nh(S,S) − 2Nh(S,T) + Nh(T,T) = −μ. (3.2)
In this case k and μ are related by the Eq. (2.3).
Proof. Form Q = ∑g∈S λ(g) −∑h∈T λ(h). Then by Deﬁnition 3.1, S is a signature set for an (n, k)-
equiangular frame if and only if Q forms a signature matrix for an (n, k)-equiangular frame. From
Theorem2.4we know that an n × nmatrixQ withQii = 0 and for all i /= j, |Qij| = 1, forms a signature
matrix for an (n, k) equiangular frame if and only if it satisﬁes the following two conditions:
(a) Q is self-adjoint, that is, Q = Q∗; and
(b) Q2 = (n − 1)I + μQ for some real number μ.
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The condition Q = Q∗ is equivalent to
∑
g∈S
λ(g) − ∑
h∈T
λ(h) =
⎛⎝∑
g∈S
λ(g) − ∑
h∈T
λ(h)
⎞⎠∗
= ∑
g∈S
λ(g−1) − ∑
h∈T
λ(h−1).
Thusg ∈ S impliesg−1 ∈ S andh ∈ T impliesh−1 ∈ T . The secondconditionQ2 = (n − 1)I + μQ ,
for some real number μ, is equivalent to∑
g1 ,g2∈S
g1 /=g2
λ(g1 · g2) −
∑
g1∈S
h1∈T
λ(g1 · h1) −
∑
g1∈S
h1∈T
λ(h1 · g1) +
∑
h1 ,h2∈T
h1 /=h2
λ(h1 · h2)
= (n − 1)I + μ
⎛⎝∑
g∈S
λ(g) − ∑
h∈T
λ(h)
⎞⎠ .
By counting arguments, we have Q2 = (n − 1)I + μQ , for some real number μ, if and only if for
all g ∈ S, Ng(S,S) − Ng(S,T) − Ng(T,S) + Ng(T,T) = μ and for all h ∈ T , we have Nh(S,S) − Nh(S,T) − Nh(T,S) +
Nh(T,T) = −μ. Using Lemma 3.6, we have Q2 = (n − 1)I + μQ , for some real number μ, if and only if
for all g ∈ S, Ng(S,S) − 2Ng(S,T) + Ng(T,T) = μ and for all h ∈ T , we have Nh(S,S) − 2Nh(S,T) + Nh(T,T) = −μ.

Remark 3.8. From the relations given in Eq. (2.3), since k is a function of μ, we shall often use the
parameter μ to specify our frames and denote them as (n, k(μ))-equiangular tight frames.
Using some counting arguments, we can further simplify Conditions (3.1) and (3.2) of Theorem 3.7
given in the following result.
Theorem 3.9. Let G be a group with |G| = n. Let S, T ⊂ G\{e} where T = Sc\{e} such that G\{e} =
S ∪ T . Also let S = S−1 and T = T−1. Then there exists a k such that S is a signature set in G for an
(n, k)-equiangular frame if and only if for all g ∈ S
N
g
(S,T) =
n − 2 − μ
4
(3.3)
and for all h ∈ T,
Nh(S,T) =
n − 2 + μ
4
, (3.4)
where μ and k are related by (2.3).
Proof. Assume |S| = l. Since |G| = n, we have |T| = n − 1 − l. For g ∈ S, let Ng(S,S) = m, then since
|S| = Ng(S,S) + Ng(S,T) + 1, we haveNg(S,T) = l − 1 − m. Also by Lemma 3.6, we haveNg(S,T) = Ng(T,S) and
using |T| = Ng(T,T) + Ng(T,S), we have Ng(T,T) = n − 1 − l − (l − 1 − m) = n − 2l + m.
By Theorem 3.7, S is a signature set for an (n, k(μ)) equiangular frame if and only if Eqs. (3.1) and
(3.2) hold. That is, for all g ∈ S, Ng(S,S) − 2Ng(S,T) + Ng(T,T) = μ and for all h ∈ T , Nh(S,S) − 2Nh(S,T) +
Nh(T,T) = −μ. Ng(S,S) − 2Ng(S,T) + Ng(T,T) = μ is equivalent to
μ = m − 2(l − 1 − m) + n − 2l + m
= 4m − 4l + n + 2.
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Thus, l − m = n+2−μ
4
. Since N
g
(S,T) = l − m − 1, Eq. (3.1) holds if and only if for all g ∈ S,
N
g
(S,T) =
n − 2 − μ
4
.
Similarly, forh ∈ T , ifNh(S,S) = m˜, thenusing |S| = Nh(S,S) + Nh(S,T),wehaveNh(S,T) = l − m˜. Also since
|T| = Nh(S,T) + Nh(T,T) + 1, we have Nh(T,T) = n − 2 − l − (l − m˜) = n − 2 − 2l + m˜. The condition
Nh(S,S) − 2Nh(S,T) + Nh(T,T) = −μ is equivalent to
−μ = m˜ − 2(l − m˜) + n − 2 − 2l + m˜
= n − 4l + 4m˜ − 2.
Thus we have l − m˜ = n−2+μ
4
. Since Nh(S,T) = l − m˜, Eq. (3.2) holds if and only if for all h ∈ T we
have,
Nh(S,T) =
n − 2 + μ
4
. 
Corollary 3.10. Let G be a group of order n. If there exists a signature set S in G corresponding to an
(n, k(μ))-equiangular frame, then the following hold:
(a) n ≡ 0 (mod 2);
(b) μ ≡ 0 (mod 2);
(c) n,μ satisﬁes −(n − 2)μ(n − 2).
Proof. From Theorem 3.9, if S is a signature set in G for an (n, k(μ))-equiangular frame, then Eqs. (3.3)
and (3.4) hold. If we sum the Eqs. (3.3) and (3.4), we have n = 0 (mod 2) and subtracting (3.3) from
(3.4) gives us μ ≡ 0 (mod 2).
Since N
g
(S,T), N
h
(S,T)
 0, again using (3.3) and (3.4), we have −(n − 2)μ(n − 2). 
Using (2.3) and the relations that we have proved in Corollary 3.10, we will now classify some of
the (n, k)-equiangular tight frames arising from signature sets by looking at speciﬁc values of n andμ.
Proposition 3.11. Let G be a group and S ⊂ G be a signature set for an (n, k(μ))-equiangular frame, then
the following hold:
(a) If μ = 0, then n = 2m where m ∈ N is an odd number and S is a signature set in G for a (2m,m)-
equiangular frame.
(b) If μ = 2, then n = 4a2 where a ∈ N and S is a signature set in G for a (4a2, 2a2 − a)-equiangular
frame.
(c) Ifμ = −2, then n = 4a2 where a ∈ N and S is a signature set in G for a (4a2, 2a2 + a)-equiangular
frame.
(d) If n = 2p where p is an odd prime, then either μ = 0 and S is a signature set in G for a (2p, p)-
equiangular frame or μ = n − 2 and S is a signature set in G for a (2p, 1)-equiangular frame.
(e) If n = 4p where p is an odd prime, then μ = n − 2 and S is a signature set in G for a (4p, 1)-
equiangular frame.
Proof. Ifμ = 0, then from Theorem 3.9, for all g ∈ S and for all h ∈ T , we have Ng(S,T) = Nh(S,T) = n−24 .
Thus n ≡ 2 (mod 4); that is, n = 4l + 2 for l ∈ N or equivalently n = 2m where m ∈ N is an odd
number. Using Eq. (2.3), we have k = m and thus S is a signature set in G for a (2m,m)-equiangular
frame.
To prove the remaining parts, using Corollary 3.10, we can assume that n = 2n1 and μ = 2μ1
where n1 ∈ N and μ1 ∈ Z. Using Eq. (2.3), we get
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k = 2n1
2
− 2μ1· 2n1
2
√
4(2n1 − 1) + 4μ21
= n1 − n1μ1√
(2n1 − 1) + μ21
. (3.5)
Thusn21μ
2
1 ≡ 0 (mod (2n1 − 1 + μ21)). Ifμ1 = ±1, thenwehaveμ = ±2.Using Eq. (3.5),n1 must
be of the form n1 = 2a2 where a ∈ N; that is, and n = 4a2 where a ∈ N. Using Eq. (2.3) forμ = 2,we
get k = 2a2 − a and S is a signature set in G for a (4a2, 2a2 − a)-equiangular frame. Again using (2.3)
for μ = −2, we get k = 2a2 + a and S is a signature set in G for a (4a2, 2a2 + a)-equiangular frame.
If n = 2p; that is, n1 = p, then n21μ21 ≡ 0 (mod 2n1 − 1 + μ21) implies thatμ21 − 1 ≡ 0 (mod p). If
μ1 = 0, thenμ = 0 and by part (a), S is a signature set in G for a (2p, p)-equiangular frame. Ifμ1 /= 0,
then μ21 − 1 ≡ 0 (mod p) implies that either μ1 − 1 ≡ 0 (mod p) or μ1 + 1 ≡ 0 (mod p). But from
Corollary 3.10, part (c),wehave−(p − 1)μ1 (p − 1). Thuswehaveμ1 = p − 1; that is,μ = 2p −
2 = n − 2. From Eq. (2.3), we have k = 1. Thus S is a signature set in G for a (2p, 1)-equiangular frame.
Similarly if n = 4p; that is, n1 = 2p, then n21μ21 ≡ 0 (mod 2n1 − 1 + μ21) implies that μ21 − 1 ≡
0 (mod 4p). By part (a) again, μ /= 0. Thus μ21 − 1 ≡ 0 (mod 4p) implies that μ1 − 1 ≡ 0 (mod 2)
and μ1 + 1 ≡ 0 (mod 2). Let μ1 + 1 = 2a for some a ∈ N. Then μ1 − 1 = 2a − 2 and μ21 − 1 ≡
0 (mod 4p) implies a(a − 1) ≡ 0 (mod p). Thus either a ≡ 0 (mod p) or a − 1 ≡ 0 (mod p). Again
from Corollary 3.10, part (c), we have −(2p − 1)μ1 (2p − 1); that is, 2 − 2p 2a 2p or equiv-
alently we have 1 − p a p. Thus a = p and μ1 = 2p − 1; that is, μ = 2μ1 = 4p − 2 = n − 2.
Again we get k = 1 and thus S is a signature set in G for an a (4p, 1)-equiangular frame. 
Our goal now is to look for the signature sets in a group G. The ﬁrst subsets we will look for in the
groups are the subgroups. The following result characterizes the frames we get when we take S to be
a subgroup of G.
Theorem 3.12. Let G be a group of order n and H a proper subgroup of G. Then H\{e} is a signature set in
G for an (n, k(μ)) equiangular frame if and only if H is a subgroup of index 2.
In this case μ = n − 2 and thus k = 1.
Proof. Let H be a subgroup of G. Let S = H\{e} and T = Hc . Then for all g ∈ S, we have Ng(S,T) = 0 and
for all h ∈ T , we have Nh(S,T) = |S|. From Eqs. (3.3) and (3.4), S is a signature set in G for an (n, k(μ))
equiangular frame if and only if
0 = n − 2 − μ
4
and
|S| = n − 2 + μ
4
.
This gives us μ = n − 2, and 2|S| = n − 2.
Since |H| = |S| + 1, we have |H| = n−2
2
+ 1 = n
2
. Thus, H is a subgroup of index 2.
When μ = n − 2, using Eq. (2.3), we get k = 1. Hence we get (n, 1)-equiangular frame. 
Remark 3.13. From Remark 3.5, G\{e} is a signature set in G for the trivial (n, 1)-equiangular tight
frame. By Theorem 3.12 we have shown one more way to get the trivial (n, 1)-equiangular tight frame
by taking subgroup of index 2 in the group G as the signature set in G.
Remark 3.14. By Remark 3.5 and Proposition 3.2, the following subsets S of G are signature sets in G
for the (n, n − 1)-equiangular tight frame:
(a) S = ∅ (by Remark 3.5);
(b) S = aH where H is a subgroup of index 2 in G and a /∈ H (by Theorem 3.12).
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So far we have seen the case of trivial equiangular tight frames only. The following propositions
gives us some of the non-trivial equiangular tight frames arising from signature sets in groups of the
form Cn × Cn where Cn is a cyclic group of order n.
Proposition 3.15. Let G∼= Cn × Cn = 〈a, b : an = e, bn = e, ab = ba〉 and let S = {a, a2, . . . , an−1, b,
b2, . . . , bn−1}. Then S is a signature set in G for an (n2, k)-equiangular frame if and only if either n = 2
and k = 3 or n = 4 and k = 6.
Proof. |S| = 2(n − 1) and |T| = n2 − 1 − 2(n − 1) = n2 − 2n + 1. For all g ∈ S, we have Ng(S,S) =
n − 2. Thus for all g ∈ S, Ng(S,T) = 2(n − 1) − 1 − (n − 2) = n − 1. Similarly for all h ∈ T , we have
Nh(S,S) = 2. Thus for all h ∈ T , we have Nh(S,T) = 2(n − 1) − 2 = 2n − 4. Using Eqs. (3.3) and (3.4), S is
a signature set for an (n2, k) equiangular frame if and only if
n − 1 = n
2 − 2 − μ
4
and
2n − 4 = n
2 − 2 + μ
4
.
This implies thatμ = n2 − 4n + 2 andμ = −n2 + 8n − 14. Solving for n, we get n = 4 or n = 2.
For n = 4, we have μ = 2 and for n = 2, we have μ = −2. Thus we get (16, 6) and (4, 3) equiangular
tight frames. 
Proposition 3.16. Let G∼= Cn × Cn = 〈a, b : an = e, bn = e, ab = ba〉 and let S = {a, . . . , an−1, b, . . . ,
bn−1, ab, . . . , an−1bn−1}. Then S is a signature set in G for an (n2, k)-equiangular frame if and only if either
n = 4 and k = 10 or n = 6 and k = 15.
Proof. |S| = 3(n − 1) and |T| = n2 − 1 − 3(n − 1) = n2 − 3n + 2. For all g ∈ S, wehaveNg(S,S) = n.
Thus for all g ∈ S, Ng(S,T) = 3(n − 1) − 1 − n = 2n − 4. Similarly for all h ∈ T , we have Nh(S,S) = 6.
Thus for all h ∈ T , Nh(S,T) = 3(n − 1) − 6 = 3n − 9. By Theorem 3.9 and Eq. (3.4), S is a signature set
of an (n2, k) equiangular frame if and only if
2n − 4 = n
2 − 2 − μ
4
and
3n − 9 = n
2 − 2 + μ
4
.
Solving for n, we get n2 − 8n + 14 = −n2 + 12n − 34. That is n2 − 10 n + 24 = 0. Thus, either
n = 4 or n = 6. For n = 6, we have μ = 2 and for n = 4, we have μ = −2. Thus we get (36, 15) and
(16, 10) equiangular tight frames. 
Deﬁnition 3.17 [9]. A real n × n matrix H is called a Hadamard matrix provided that hi,j = ±1 and
H∗H = nI.
Remark 3.18. An explicit construction of signature matrices using the signature sets deﬁned in the
above two propositions has been shown in [21]. Let us denote the signature matrices obtained from
the Propositions 3.15 and 3.16 by Q1 and Q2, respectively. Then from Example 3.8 in [14], we infer that
the matrix I − Qi is a Hadamard matrix for i = 1, 2.
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4. Signature sets and difference sets
In [16], a relation between cyclic difference sets and complex equiangular cyclic frameswas shown.
In this section,wewill presenta relationbetween the twotypesof subsets: signature sets anddifference
sets in a group G. First we recall some of the basic facts about difference sets.
Deﬁnition 4.1. LetG be an additivelywritten groupof ordern. A subsetDofGwith |D| = k is a (n, k, λ)-
difference set of G if for for some ﬁxed number λ, every non-zero element of G can be written as a
difference of two elements of D in exactly λ ways.
Example 4.2. The set {1, 3, 4, 5, 9} is a (11, 5, 2)-difference set in Z11.
Example 4.3. Consider the signature set that we found in Proposition 3.15. For n = 4 we have G =
Z4 × Z4 and
S = {(1, 0), (0, 1), (2, 0), (0, 2), (3, 0), (0, 3)}.
Then S is also a (16, 6, 2) difference set with λ = 2.
Example 4.4. Consider the signature set that we found in Proposition 3.16. For n = 6 we have G =
Z6 × Z6 and
S = {(1, 0), (2, 0), . . . , (5, 0), (0, 1), (0, 2), . . . , (0, 5), (1, 1), (2, 2), . . . , (5, 5)}.
Then S is also a (36, 15, 3) difference set.
Proposition 4.5. If D is a (n, k, λ) difference set in G, then the following hold:
(a) [8, Remark 18.7 (2)] λ = k(k−1)
n−1 ;
(b) [8, Remark 18.4 (2)] Dc is a (n, n − k, λ˜) difference set where
λ˜ = (n − k)(n − k − 1)
n − 1 . (4.1)
Proof. Since |D| = k, the number of ordered pairs (x, y) ∈ D × D such that x /= y is equal to k(k − 1).
On the other hand, D has n − 1 non-zero elements, and for each non-zero element a ∈ G, there are λ
ordered pairs (x, y) ∈ D × D such that a = x − y. Hence k(k − 1) = λ(n − 1).
Since every non-zero element in G can be written as a difference of two elements of D in exactly λ
ways, it follows that every non-zero element in G can be written as a difference of an element of D and
Dc in exactly k − λways. Thus every non-zero element in G can be written as a difference of elements
of Dc in exactly λ˜ = n − k − (k − λ) ways. Using the value of λ = k(k−1)
n−1 , we get
λ˜ = n − k − (k − λ) = (n − k)(n − k − 1)
n − 1 .
Thus Dc is a (n, n − k, λ˜) difference set where λ˜ = (n−k)(n−k−1)
n−1 . 
Deﬁnition 4.6 [10]. A difference set D in a group G is called reversible if −D = {−d : d ∈ D} = D.
Remark 4.7. Let D be a reversible (n, k, λ) difference set in an additive group G. Then for any g ∈ G,
#{(g1, g2) ∈ D × D : g1 + g2 = g} = #{(g1, g2) ∈ D × D : g1 − g2 = g}.
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In addition, for all g ∈ G, we have
(a) N
g
(D,D) = λ;
(b) N
g
(Dc,Dc) = λ˜, where λ˜ is as given in Eq. (4.1);
(c) N
g
(D,Dc) = k(n−k)n−1 , using the equation Ng(D,D) + 2Ng(D,Dc) + Ng(Dc,Dc) = n.
Lemma 4.8. Let D be a (n, k, λ) reversible difference set in a group G such that 0 /∈ D. Let T = Dc\{0}.
Then for all g ∈ D and for all h ∈ T, the following hold:
(a) N
g
(D,T) + 1 = Nh(D,T);
(b) N
g
(T,T) = Ng(Dc,Dc) = λ˜, where λ˜ is as given in Eq. (4.1);
(c) Nh(T,T) + 2 = Nh(Dc,Dc).
Proof. Since D is a (n, k, λ) difference set, then by Proposition 4.5, part (b), Dc is also a difference
set. Since 0 ∈ Dc , for every g ∈ D, we have (g, 0) ∈ {(g1, g2) ∈ D × Dc : g1 − g2 = g}. Thus Ng(D,T) =
N
g
(D,Dc) − 1. But for any h ∈ T wehaveNh(D,T) = Nh(D,Dc). Using Remark 4.7,we haveNg(D,T) + 1 = Nh(D,T).
For g ∈ D, if g = h1 + h2, h1, h2 ∈ Dc , then h1 /= 0 and h2 /= 0. Thus Ng(T,T) = Ng(Dc,Dc) = λ˜.
If h ∈ T , then (h, 0), (0, h) ∈ Nh(Dc,Dc) = #{(h1, h2) ∈ Dc × Dc : h1 − h2 = h}. Since 0 /∈ T , we have
Nh(T,T) + 2 = Nh(Dc,Dc). 
The following result gives us a relation between the difference sets and the signature sets.
Theorem 4.9. Let G be a group of order n and D be a (n, k, λ) difference set in G.
(a) If 0 /∈ D, then D is a signature set in G for an (n, k)-equiangular frame if and only if D is reversible
and k = n−
√
n
2
.
(b) If 0 ∈ D, then D\{0} is a signature set in G for an (n, k)-equiangular frame if and only if D is reversible
and k = n+
√
n
2
.
Proof. Since D is a (n, k, λ) difference set in G, from Remark 4.7 and Proposition 4.5, we have for all
g ∈ G, Ng(D,D) = λ and Ng(Dc,Dc) = λ˜. For part (a), let us ﬁrst assume that D is a signature set in G for an
(n, k)-equiangular frame. Let T = Dc\{0}. From Theorem 3.9, Eqs. (3.3) and (3.4) hold. That is we have
for all g ∈ D
N
g
(S,T) =
n − 2 − μ
4
,
and for all h ∈ T ,
Nh(S,T) =
n − 2 + μ
4
.
Also D signature set for an (n, k)-equiangular frame implies that D is reversible. Using Lemma 4.8,
part (a), we have for all g ∈ D and for all h ∈ T , Ng(D,T) + 1 = Nh(D,T). Thus we have
n − 2 − μ
4
+ 1 = n − 2 + μ
4
.
Solving for μ, we get μ = 2 and using (2.3), we get k = n−
√
n
2
.
Conversely, assume that D is reversible and k = n−
√
n
2
. We claim that D is a signature set in G for
an (n, k)-equiangular frame. For g ∈ S, we have
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|G| − 2 = Ng(D,D) + 2Ng(D,T) + Ng(T,T)
= λ + 2Ng(D,T) + λ˜ by Lemma 4.8, part(b).
Thus we get n − 2 = λ + 2Ng(D,T) + λ˜. Using Proposition 4.5 and k = n−
√
n
2
, we get
2N
g
(D,T) = (n − 2) −
n − 2√n
4
− n + 2
√
n
4
= n
2
− 2.
Thus for all g ∈ D, Ng(D,T) = n4 − 1, and from Lemma 4.8, we have Ng(D,T) + 1 = Nh(D,T). Thus for all
h ∈ T , we have Nh(D,T) = n4 . By Theorem 3.9, D is a signature set in G for (n, k)-equiangular frame.
For part (b), since Dc is a (n, n − k, λ˜) difference set with 0 /∈ Dc , using the same argument as in
part (a) for Dc , we have that Dc is a signature set in G for an (n, n − k)-equiangular frame if and only if
Dc is reversible and n − k = n−
√
n
2
; that is, k = n+
√
n
2
. Using Proposition 3.2, D\{0} is a signature set
in G for (n, k)-equiangular frame if and only if D is reversible and k = n+
√
n
2
. 
Remark 4.10. Note that in part (a) of the above result,we get k = n−
√
n
2
. Using (2.3), the corresponding
value of μ is 2. From Proposition 3.11, we know that when μ = 2, then n = 4m2, m-positive integer.
Thus we have k = n−
√
n
2
= 2m2 − m.
Deﬁnition4.11 [8].Adifference setDwith parameters (4m2; 2m2 − m;m2 − m) (m a positive integer)
is called a Hadamard difference set.
Thus we have the following corollary.
Corollary 4.12. Let G be a group of order n and D be a (n, k, λ) difference set such that 0 /∈ D. Then D
is a signature set in G for an (n, k)-equiangular frame if and only if D is a reversible Hadamard
difference set.
From Corollary 4.12, we infer that the problem of ﬁnding signature sets in G for
(
n,
n−√n
2
)
-
equiangular tight frames is equivalent to ﬁnding reversible Hadamard difference sets. Dillon [12],
gave an explicit construction of a reversible Hadamard difference set in Z2
2a+1 for all a ∈ N. Thus by
Corollary 4.12, there exists
(
n,
n−√n
2
)
-equiangular tight frames for all n of the type 22b where b ∈ N
and b 2. Following is an example of such a difference set in [8].
Example 4.13. Let G = Z8 × Z8. Then the set D = A ∪ A−1 where
A =
{
ab4, ab5, ab6, ab7, a2b2, a2b3, a2b6, a2b7, a3b2, a3b4, a3b5, a3b7, a4b, a4b3
}
is a (64, 28, 12) reversible Hadamard difference set. Since e /∈ D, from Corollary 4.12, D is a signature
set in G for a (64, 28)-equiangular frame.
Remark 4.14. The sets studied in Propositions 3.15 and 3.16 are reversible Hadamard difference sets
not containing the identity. This is another way to see that these sets are signature sets for (16, 6) and
(36, 15)-equiangular tight frames, respectively.
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The following proposition gives us a relation between reversible Hadamard difference sets and
Hadamard matrices.
Proposition 4.15. Let D be a (n, k, λ) reversible Hadamard difference set with 0 /∈ D and let Q = ∑g∈D
λ(g) −∑g∈T λ(g), where T = Dc\{0}. Then the matrix H = I − Q is a Hadamard matrix.
Proof. Since D is a (n, k, λ) reversible Hadamard difference set with 0 /∈ D, by Corollary 4.12, D is a
signature set in G for an (n, k)-equiangular frame. Thus Q = ∑g∈D λ(g) −∑g∈T λ(g) is a signature
matrix for the (n, k)-equiangular frame. Let H = I − Q . Then for all i, j, hi,j = ±1. Consider
H2 = (I − Q)2
= I − 2Q + Q2
= I − 2Q + (n − 1)I + 2Q (using Theorem2.4)
= nI.
Also Q = Q∗ implies H = H∗. Thus we have HH∗ = nI and hence H = I − Q is a Hadamard
matrix. 
5. Quasi-signature sets and real equiangular tight frames
If Q is a Seidel matrix, we say that Q is in a standard form if its ﬁrst row and column contains only
1’s except on the diagonal, as shown below:
Q =
⎡⎢⎢⎢⎢⎢⎢⎢⎣
0 1 . . . . . . 1
1 0 ∗ . . . ∗
... ∗ . . . . . . ...
...
...
. . .
. . .
...
1 ∗ . . . . . . 0
⎤⎥⎥⎥⎥⎥⎥⎥⎦ .
We say that it is trivial if it has a standard form which has all of its off-diagonal entries equal to 1
and non-trivial if at least one off-diagonal entry is not equal to 1. One can verify by conjugation with
an appropriate diagonal unitary that the equivalence class of any Seidel matrix contains a matrix of
standard form. In the real case, the off-diagonal entries of Q are in the set {−1, 1} and in the complex
case the off-diagonal entries of Q are roots of unity. In [5], authors have shown a construction of Seidel
matrices with off-diagonal entries as cube roots of unity.
Let G be a group of order m. Let λ : G −→ GL(F(G)) be the left regular representation such that
λ(g)eh = egh. Thenwe know that∑g∈G λ(g) = Jwhere J is them × mmatrix of all 1′s. As in Section 3,
we will form signature matrices using the left regular representation of a group, but in the standard
form.
Lets observe the following deﬁnition in analogy with the Deﬁnition 3.1 for constructing signature
matrices in the standard form.
Deﬁnition 5.1. LetS ⊂ G\{e}andT = Sc\{e} such thatG\{e} = S ∪ T . Asbefore letQ = ∑g∈S λ(g) −∑
h∈T λ(h). Form
Q˜ =
[
0 Ct
C Q
]
,
where
C =
⎛⎜⎜⎝
1
...
1
⎞⎟⎟⎠ ∈ Cm.
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Then Q˜ is an (m + 1) × (m + 1) matrix with Q˜ii = 0 and |Q˜ij| = 1 for all i /= j. Let n = m + 1,
then we call S a quasi-signature set for an (n, k) equiangular frame if Q˜ forms a signature matrix for
an (n, k)-equiangular frame.
Remark 5.2. If any of the two subsets S or T of the group G is an empty set, say T = ∅, then S = G\{e}
and
Q = ∑
g∈S
λ(g) = ∑
g∈G\{e}
λ(g) = J − Im,
where J is the m × m matrix of all 1’s. Hence Q˜ii = 0 and Q˜ij = 1 for all i, j = 1, . . . , n. Thus, Q˜ is a
signature matrix for the trivial (n, 1)-equiangular tight frame. Hence S = G\{e} is a quasi-signature
set for the trivial (n, 1)-equiangular tight frame.
From this point onwards, both S and T are taken as non-empty subsets of G.
Following is a necessary and sufﬁcient condition for a set in a group G to be a quasi-signature set
for an (n, k)-equiangular frame.
Theorem 5.3. Let G be a group of order m and S ⊂ G\{e}, T = Sc\{e} such that G\{e} = S ∪ T . Then
there exists a k such that S is a quasi-signature set for an (n, k)-equiangular frame, where n = m + 1, if
and only if the following hold:
(a) g ∈ S implies g−1 ∈ S and h ∈ T implies h−1 ∈ T;
(b) for all g ∈ S,
N
g
(S,S) − 2Ng(S,T) + Ng(T,T) = μ − 1 (5.1)
and for all h ∈ T,
Nh(S,S) − 2Nh(S,T) + Nh(T,T) = −μ − 1, (5.2)
where μ = |S| − |T|.
The value of k is related to μ by the equations given in (2.3).
Proof. Form Q = ∑g∈S λ(g) −∑h∈T λ(h) and
Q˜ =
[
0 Ct
C Q
]
,
where
C =
⎛⎜⎜⎝
1
...
1
⎞⎟⎟⎠ ∈ Cm.
Then by Deﬁnition 5.1, S is a quasi-signature set in G for an (n, k)-equiangular frame if and only if Q˜
forms a signature matrix for an (n, k)-equiangular frame. From Theorem 2.4, Q˜ will form a signature
matrix for an (n, k) equiangular frame if and only if it satisﬁes the following two conditions:
(a) Q˜ is self-adjoint; that is, Q˜ = Q˜∗, and
(b) Q˜2 = (n − 1)I + μQ˜ for some real number μ.
The condition Q˜ = Q˜∗ is equivalent Q = Q∗ which is equivalent to
∑
g∈S
λ(g) − ∑
h∈T
λ(h) =
⎛⎝∑
g∈S
λ(g) − ∑
h∈T
λ(h)
⎞⎠∗
= ∑
g∈S
λ(g−1) − ∑
h∈T
λ(h−1).
Thus g ∈ S implies g−1 ∈ S and h ∈ T implies h−1 ∈ T .
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For the second condition we need Q˜2 = (n − 1)I + μQ˜ . We have
Q˜2 =
[
n − 1 C˜t
C˜ J + Q2
]
,
where C˜ = (|S| − |T|)C and J is anm × mmatrix of all 1’s. Thus Q˜2 = (n − 1)I + μQ˜ if and only if
(a) |S| − |T| = μ, and
(b) J + Q2 = (n − 1)I + μQ ; that is, Q2 = (n − 1)I + μQ − J.
Since J = ∑g∈G λ(g), we have
Q2 = (n − 1)I + μQ − J
= (n − 2)I + μ
⎛⎝∑
g∈S
λ(g) − ∑
h∈T
λ(h)
⎞⎠− ∑
g∈G\{e}
λ(g)
= (n − 2)I + (μ − 1)∑
g∈S
λ(g) − (μ + 1)∑
h∈T
λ(h).
By the same counting arguments as used before in Theorem 3.7, we get Q2 = (n − 2)I + (μ −
1)
∑
g∈S λ(g) − (μ + 1)∑h∈T λ(h) if and only if for all g ∈ S, Ng(S,S) − 2Ng(S,T) + Ng(T,T) = μ − 1, and
for all h ∈ T , Nh(S,S) − 2Nh(S,T) + Nh(T,T) = −μ − 1 where μ = |S| − |T|. 
Remark 5.4. FromTheorem5.3, note that if S ⊂ G is a quasi-signature set for an (n, k(μ))-equiangular
frame then |S| − |T| = μ.
Proposition 5.5. Let G be a group of order m and S ⊂ G\{e}, T = Sc\{e}. Then the condition |S| − |T| =
μ for some integer μ is equivalent to |S| = n−2+μ
2
and |T| = n−2−μ
2
where n = m + 1.
Proof. Let μ ∈ Z. If |S| = n−2+μ
2
and |T| = n−2−μ
2
, then |S| − |T| = μ.
If |S| − |T| = μ, then since G\{e} = S ∪ T , we have |S| + |T| = m − 1 = n − 2. Thus solving for
|S| and |T|, we get that |S| = n−2+μ
2
, and |T| = n−2−μ
2
. 
Example 5.6. We know that there exists a (6, 3)-equiangular frame. In this example wewill show that
this frame comes from a quasi-signature set S in Z5. Let G = (Z5,+). Since μ = 0, we must have|S| = |T| = 2. Let S = {1, 4}, T = {2, 3}, and form Q = ∑g∈S λ(g) −∑h∈T λ(h). Then Q = (qi,j)5i,j=1
can be obtained using the group table of (Z5,+) in the following way. For g ∈ (Z5,+), we let
qi,j =
⎧⎪⎨⎪⎩
1 if g ∈ S;
−1 if g ∈ T;
0 otherwise.
Using the group table of the group (Z5,+), we get the following table:
+ 0 1 2 3 4
0 0 1 −1 −1 1
4 1 0 1 −1 −1
3 −1 1 0 1 −1
2 −1 −1 1 0 1
1 1 −1 −1 1 0
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Thus we have,
Q =
⎡⎢⎢⎢⎢⎢⎢⎣
0 1 −1 −1 1
1 0 1 −1 −1
−1 1 0 1 −1
−1 −1 1 0 1
1 −1 −1 1 0
⎤⎥⎥⎥⎥⎥⎥⎦ .
We can form Q˜ as follows:
Q˜ =
[
0 Ct
C Q
]
=
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
0 1 1 1 1 1
1 0 1 −1 −1 1
1 1 0 1 −1 −1
1 −1 1 0 1 −1
1 −1 −1 1 0 1
1 1 −1 −1 1 0
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.
It can be easily veriﬁed that Q˜ = Q˜∗ and Q˜2 = 5I. Thus S is a quasi-signature set for (6, 3)-
equiangular frame.
Again as before in Section 3, we can simplify the conditions given in Theorem 5.3 as follows.
Theorem 5.7. Let G be a group with |G| = m and S, T ⊂ G\{e} be disjoint such that G\{e} = S ∪ T . Also
let S = S−1 and T = T−1. Then there exists a k such that S is a quasi-signature set for an (n, k)-equiangular
frame where n = m + 1 if and only if for all g ∈ S,
N
g
(S,S) =
n + 3μ − 6
4
(5.3)
and for all h ∈ T,
Nh(T,T) =
n − 3μ − 6
4
, (5.4)
where μ = |S| − |T|. Here k and μ are related by Eq. (2.3).
Proof. Let us assume that |S| − |T| = μ, for someμ ∈ Z. UsingProposition5.5,wehave |S| = n−2+μ
2
.
Forg ∈ S, letNg(S,S) = m1. Since |S| − 1 = Ng(S,S) + Ng(S,T),wehaveNg(S,T) = |S| − 1 − m1.Also,wehave
N
g
(S,T) + Ng(T,T) = |T| = |G| − 1 − |S|. Thus
N
g
(T,T) = |G| − 1 − |S| − Ng(S,T)
= n − 2 − |S| − (|S| − 1 − m1)
= n − 2|S| + m1 − 1.
From Theorem 5.3, S is a quasi-signature set in G for an (n, k)-equiangular frame if and only if
Conditions (5.1) and (5.2) hold.
Thus N
g
(S,S) − 2Ng(S,T) + Ng(T,T) = μ − 1 is equivalent to
μ − 1 = m1 − 2(|S| − 1 − m1) + n − 2|S| + m1 − 1
= 4m1 − 4|S| + 1 + n
or equivalently, we have n + 2 − μ = 4(|S| − m1).
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Thus
m1 = |S| − n + 2 − μ
4
= n + 3μ − 6
4
.
Now if we let h ∈ T and Nh(T,T) = m2, then as above Nh(S,T) = |T| − 1 − m2. Also, Nh(S,T) + Nh(S,S) =|S| = |G| − 1 − |T|. Thus
Nh(S,S) = n − 2 − |T| − Nh(S,T)
= n − 2 − |T| − (|T| − 1 − m2)
= n − 2|T| + m2 − 1.
Again using Theorem 5.3 and Conditions (5.1), (5.2), we have −Nh(S,S) + 2Nh(S,T) − Nh(T,T) = μ + 1
is equivalent to
μ + 1 = −(n − 2|T| + m2 − 1) + 2(|T| − 1 − m2) − m2
= −4m2 + 4|T| − n − 1.
Equivalently, we have
m2 = |T| − μ + n + 2
4
= n − 3μ − 6
4
.
Thus S is a quasi-signature set for an (n, k)-equiangular frame if and only if for all g ∈ S, we have
N
g
(S,S) =
n + 3μ − 6
4
and for all h ∈ T , we have
Nh(T,T) =
n − 3μ − 6
4
. 
Remark 5.8. Since |S| − 1 = Ng(S,S) + Ng(S,T), we can ﬁnd Ng(S,T) in terms of n and μ. Thus,
N
g
(S,T) = |S| − 1 − Ng(S,S)
= n − 2 − μ
4
.
Similarly for all h ∈ T , we have
Nh(S,T) = |T| − 1 − Nh(T,T)
= n − 2 + μ
4
.
Corollary 5.9. Let G be a group of order m. If there exists a quasi-signature set S in G for an (n, k(μ))-
equiangular frame where n = m + 1, then
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(a) μ ≡ 0 (mod 2);
(b) n ≡ 0 (mod 2);
(c) n,μ satisfy
2 − n
3
μ
n
3
− 2. (5.5)
Proof. If thereexists aquasi-signature set S inG for an (n, k(μ))-equiangular frame, thenweknowfrom
Theorem5.7, Conditions (5.3) and (5.4) hold. Adding (5.3) and (5.4), we get n ≡ 0 (mod 2). Subtracting
(5.3) from (5.4), we get μ ≡ 0 (mod 2).
Also 0Ng(S,S) = 3μ+n−64 implies that 2 − n3 μ and 0Nh(T,T) = −3μ+n−64 implies that μ n3 −
2. Thus we have,
2 − n
3
μ
n
3
− 2. 
Note that in the case of quasi-signature sets, we have a better bound on the value ofμ as compared
to the case of signature sets. Thus we have the following proposition that eliminates some of the cases
in which S ⊂ G can be a quasi-signature set for an (n, k(μ))-equiangular frame.
Proposition 5.10. Let G be a group of order m and n = m + 1, then the following hold:
(a) If there exists a quasi-signature set for an
(
n, n
2
)
-equiangular frame, then n = 2a where a ∈ N is an
odd number.
(b) For an odd prime p, if there exists a quasi-signature set for a (2p, k)-equiangular frame, then k = p.
(c) For an odd prime p, there does not exist a quasi-signature set for a (4p, k)-equiangular frame for any
value of k.
Proof. If there exists a quasi-signature set S for an
(
n, n
2
)
-equiangular frame, then using Eq. (2.3),
μ = 0. From Theorem 5.7, we have for all g ∈ S and for all h ∈ T , Ng(S,S) = Nh(T,T) = n−64 . Thus n ≡
6 (mod 4) or equivalently n ≡ 2 (mod 4). Thus n is of the form n = 2a where a ∈ N is an odd
number.
For the second part assume that S is a quasi-signature set for an (2p, k)-equiangular frame
where p is an odd prime. Using Corollary 5.9, let μ = 2μ1 for some μ1 ∈ Z. Then from Eq. (2.3),
we have
k = 2p
2
− 2μ1· 2p
2
√
4(2p − 1) + 4μ21
= p − pμ1√
(2p − 1) + μ21
. (5.6)
Thus p2μ21 ≡ 0 (mod (2p − 1 + μ21)). If μ1 = 0, then from part (a), we have that S is a signa-
ture set in G for an (2p, p)-equiangular frame. Clearly μ1 /= ±1 because in that case p ≡ 0 (mod 2)
which contradicts that p is a prime. Ifμ1 /= 0, then p2μ21 ≡ 0 (mod (2p − 1 + μ21)) impliesμ21 − 1 ≡
0 (mod p). Thus eitherμ1 − 1 ≡ 0 (mod p) orμ1 + 1 ≡ 0 (mod p). But this contradicts (5.5) in Corol-
lary 5.9 as 2 − 2p
3
μ 2p
3
− 2 implies 1 − p
3
μ1  p3 − 1. Thus S is a quasi-signature set for a
(2p, p)-equiangular frame.
Similarly if S is a quasi-signature set for (4p, k)-equiangular frame where p is a prime, then once
again using Eq. (2.3), we get
k = 4p
2
− 2μ1· 4p
2
√
4(4p − 1) + 4μ21
= 2p − 2pμ1√
(4p − 1) + μ21
. (5.7)
From part (a), μ /= 0. Using the same argument as discussed above μ /= ±1. Thus 4p2μ21 ≡ 0
(mod (4p − 1 + μ21)) implies that μ21 − 1 ≡ 0 (mod 4p). Thus both μ1 − 1 and μ1 + 1 are even
integers. Letμ1 + 1 = 2a for some a ∈ Z, a /= 0. Thusμ21 − 1 ≡ 0 (mod 4p) implies that a(a − 1) ≡
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0 (mod p). But this contradicts (5.5) in Corollary 5.9 as 2 − 4p
3
 2(2a − 1) 4p
3
− 2 is equivalent to
1 − p
3
 a p
3
− 2. Hence in the case of n = 4p, there does not exist a quasi-signature set S for an
(n, k)-equiangular frame for any value of k. 
As in Section 3, we consider group G of the formG = CN × CN , the direct product of groups of order
N. We construc equiangular tight frames by considering subsets in G, but now these subsets will act
as quasi-signature sets. The following two propositions illustrate the type of equiangular tight frames
we get when G = CN × CN .
Proposition 5.11. Let G = CN × CN = 〈a, b : aN = e, bN = e, ab = ba〉 and let S = {a, a2, . . . , aN−1, b,
b2, . . . , bN−1}. Then S is a quasi-signature set in G for an (n, k)-equiangular frame where n = N2 + 1 if
and only if N = 3 and k = 5.
Proof. Since |S| = 2(N − 1) and |T| = (N − 1)2 wehaveμ = |S| − |T| = −N2 + 4N − 3. For all g ∈
S, we have N
g
(S,S) = N − 2, and for all h ∈ T , we have Nh(S,S) = 2. Thus Nh(S,T) = 2N − 2 − 2 = 2N − 4,
and hence
Nh(T,T) = |T| − 1 − Nh(S,T)
= (N − 1)2 − 1 − 2N − 4
= (N − 2)2 − 1 − 2N + 4
= (N − 2)2.
By Theorem 5.7, we have S is a quasi-signature set in G for an (n, k(μ))-equiangular frame if and
only if Eqs. (5.3) and (5.4) hold. Thus we have
N − 2 = N
2 − 5 + 3μ
4
which gives us
3μ = 4N − N2 − 3,
and
(N − 2)2 = N
2 − 5 − 3μ
4
which gives us
3μ = −3N2 + 16N − 21.
Solving for N we get N = 3 and hence we get μ = 0. Thus we get (10, 5) equiangular frame. 
Proposition 5.12. Let G = CN × CN = 〈a, b : aN = e, bN = e, ab = ba〉 and let S = {a, . . . , aN−1, b,
. . . , bN−1, ab, . . . , an−1bn−1}, then S is a quasi-signature set in G for an (n, k(μ))-equiangular frame
where n = N2 + 1 if and only if N = 5 and k = 13.
Proof. Since |S| = 3(N − 1) and |T| = (N − 1)(N − 2) we have μ = |S| − |T| = −N2 + 6N − 5.
For all g ∈ S, we have Ng(S,S) = N, and for all h ∈ S we have Nh(S,S) = 6. Thus Nh(S,T) = 3(N − 1) − 6 =
3N − 9, and
Nh(T,T) = |T| − 1 − Nh(S,T)
= (N − 1)2 − 1 − 2N − 4
= (N − 2)2 − 1 − 2N + 4
= (N − 2)2.
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By Theorem 5.7, we have S is a quasi-signature set in G for an (n, k(μ))-equiangular frame if and
only if Eqs. (5.3) and (5.4) hold. Thus we have
N = N
2 − 5 + 3μ
4
which gives us
3μ = −N2 + 4N + 5
and
N2 − 6N + 10 = N
2 − 5 − 3μ
4
which gives us
3μ = −3N2 + 24N − 45.
Solving for N, we get−3N2 + 24N − 45 = −N2 + 4N + 5 which implies 2N2 − 20 N + 50 = 0;
that is, N = 5 and μ = 0. Thus we get (26, 13) equiangular frame. 
Deﬁnition 5.13 [9]. A real n × n matrix C with ci,i = 0 and ci,j = ±1 for i /= j is called a conference
matrix provided C∗C = (n − 1)I.
Note that from the above two propositions, we are getting equiangular tight frames of the type(
n, n
2
)
. It hasbeenshown in [14] thatevery symmetric conferencematrix is a signaturematrixwithμ =
0 and k = n
2
. There are sufﬁcient number of examples in the literature (see [4,7]) of the equiangular
tight frames of type
(
p + 1, p+1
2
)
where p is a prime. In the next two results, we will characterize
some of the equiangular tight frames of the type
(
p + 1, p+1
2
)
where p is a prime that arise from a
quasi-signature set in the group (Zp,+).
Theorem 5.14. Let G = (Zp,+) where p-prime. If (ZP , ·) = 〈2〉, then the subgroup 〈22〉 of (Zp, ·) is a
quasi-signature set for a (p + 1, k)-equiangular frame if and only if p ≡ 5 (mod 8). In this case k = p+1
2
.
Proof. Let us denote S = 〈22〉. Using Fermat’s Little theorem, we know that 2p−1 ≡ 1 (mod p). Thus,
S = 〈22〉 =
{
22k : k = 1, . . . , p−1
2
}
. Also, G = 〈2〉 implies that 2 /∈ S. Since S is a subgroup of (Z, ·)
of index 2 and 2 /∈ S, we have (Z, ·) = S ∪ 2· S. Thus T = 2 · S and we have |S| = |T|. Hence μ =
|S| − |T| = 0. We will prove this theorem in two steps. First we will show that S = S−1 in (Zp,+).
Secondly we will verify the conditions of Theorem 5.7.
Let g˜ ∈ S, then g˜ is of the form 22m for somem ∈
{
1, . . . , p−1
2
}
. Since 2
p−1
2 ≡ (p − 1) (mod p), we
have
22m + 2 p−12 +2m = 22m(1 + 2 p−12 )
≡ 0 (mod p).
Thus, 2
p−1
2
+2m (mod p) is the inverse of g˜ in (Zp,+). But 2 p−12 +2m ∈ S if and only if p − 1 ≡
0 (mod 4). Thus, S is closed under inverses with respect to (Zp,+) if and only if (p − 1) ≡ 0 (mod 4).
Also note that if
p−1
4
+ m > p−1
2
; that is, 2
(
p−1
4
+ m
)
> p − 1, then 2
(
p−1
4
+ m
)
= p − 1 + 2s
where s ∈
{
1, . . . , p−1
2
}
. By using Fermat’s Little theorem again we have 2
2
(
p−1
4
+m
)
≡ 22s(mod p).
For the second part assume that N
g˜
(S,S) = N for some N ∈ N. Then for any g ∈ S, g is of the form 22l
for some l ∈
{
1, . . . , p−1
2
}
.
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Let us denote
S ×g S = {(g1, g2) ∈ S × S : g1 + g2 = g}.
For i, j ∈
{
1, . . . , p−1
2
}
, since 22i + 22j ≡ 22m (mod p) if and only if 22(l−m+i) + 22(l−m+j) ≡
22l(mod p), the map φ : S ×22m S −→ S ×22l S such that
φ((22i, 22j)) = (22(l−m+i)(mod p), 22(l−m+j)(mod p))
is one to one and onto. Thus |S ×22m S| = |S ×22l S|. But |S ×22m S| = N22m(S,S). Thus for all g ∈ S, we
have N
g
(S,S) = N.
Now if 22m ∈ S then 22m + 22m = 2 · 22m = 22m+1 ∈ T . Thus for g ∈ S, if (gi, gj) ∈ S ×g S, then
(gj, gi) ∈ S ×g S. Also for all i, (gi, gi) /∈ S ×g S. Hence Ng(S,S) = |S ×g S| = N must be an even number
and let N = 2r for some r ∈ N.
Similarly if h ∈ T , then h = 22m˜+1 for some m˜ ∈
{
1, . . . , p−1
2
}
. For i, j ∈
{
1, . . . , p−1
2
}
, 22i+1 +
22j+1 ≡ 22m˜+1 (mod p) if and only if 22i + 22j ≡ 22m˜ (mod p). Thus themap that takes S ×22m˜ S −→
T ×22m˜+1 T such that
(22i, 22j) −→ (22i+1(mod p), 22j+1(mod p))
is one to one and onto. Thus, N2
2m˜+1
(T,T) = N2
2m˜
(S,S). But we have N
g
(S,S) = 2r for all g ∈ S. Thus for all h ∈ T ,
we have Nh(T,T) = 2r. By Theorem 5.7, Conditions 5.3 and 5.4 hold if and only if we have p+1−64 = 2r;
that is, p = 8r + 5 or equivalently p ≡ 5 (mod 8). But we know from the ﬁrst part of the proof that
S = S−1 if and only if p ≡ 1 (mod 4). Since p ≡ 5(mod 8) implies p ≡ 1(mod 4), we have that S is a
quasi-signature set in G for an (p + 1, k)-equiangular frame if and only if p ≡ 5(mod 8). Also μ = 0
implies that k = p+1
2
. 
Remark 5.15. Note that if G = (Zp,+), then |G| = p. From Section 3, Corollary 3.10, we know that
there cannot be any signature set in G. But if we look at G = (Zp, ·), then |G| = p − 1. Since S in
Theorem 5.14 is a subgroup of (Zp, ·) of index 2, from Theorem 3.12 in Section 3, S is a signature set in
G for the trivial (p − 1, 1)-equiangular frame.
Example 5.16. Let G = (Z13,+) where (Z13, ·) = 〈2〉. Then using Theorem 5.7, S = {22, 24, 26, 28,
210, 212} is a quasi-signature set in G for (14, 7)-equiangular frame. Thus we have
S = {4, 3, 12, 9, 10, 1} and T = {2, 5, 6, 7, 8, 11}.
We have the following signature matrix Q˜ for (14, 7) equiangular frame:
Q˜ =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
0 1 1 1 1 1 1 1 1 1 1 1 1 1
1 0 1 −1 1 1 −1 −1 −1 −1 1 1 −1 1
1 1 0 1 −1 1 1 −1 −1 −1 −1 1 1 −1
1 −1 1 0 1 −1 1 1 −1 −1 −1 −1 1 1
1 1 −1 1 0 1 −1 1 1 −1 −1 −1 −1 1
1 1 1 −1 1 0 1 −1 1 1 −1 −1 −1 −1
1 −1 1 1 −1 1 0 1 −1 1 1 −1 −1 −1
1 −1 −1 1 1 −1 1 0 1 −1 1 1 −1 −1
1 −1 −1 −1 1 1 −1 1 0 1 −1 1 1 −1
1 −1 −1 −1 −1 1 1 −1 1 0 1 −1 1 1
1 1 −1 −1 −1 −1 1 1 −1 1 0 1 −1 1
1 1 1 −1 −1 −1 −1 1 1 −1 1 0 1 −1
1 −1 1 1 −1 −1 −1 −1 1 1 −1 1 0 1
1 1 −1 1 1 −1 −1 −1 −1 1 1 −1 1 0
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.
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Next we state an algorithm to generate equiangular tight frames of the type
(
p + 1, p+1
2
)
using
Theorem 5.14. We consider primes of the type p ≡ 5 (mod 8) and then examine which groups of the
type (Zp, ·) are generated by 2.
Algorithm for generating equiangular tight frames using Theorem 5.14
Begin by taking a positive integerm.
Step 1: Check whether 8m + 5 is a prime. If so, call it p.
Step 2: For p obtained in Step 1, evaluate l = 2i (mod p) for each i ∈ {1, . . . , p − 2}.
Step 3: If l /= 1 for all i ∈ {1, . . . , p − 2}, then the set
{
22r : 1 r  p−1
2
}
is a quasi-signature set for(
p + 1, p+1
2
)
-equiangular frame.
Remark 5.17. Note that p ≡ 5 (mod 8) is equivalent to saying that p = 4q + 1where q ∈ N is odd. To
obtain equiangular tight frames using Theorem 5.14, we have considered groups of the form (Zp, ·),
where p ≡ 5 (mod 8), that are generated by 2; that is, for which 2 is a primitive root (mod p). This
relates to Artin’s conjecture [2] which states that “Every integer a, not equal to −1 or to a square,
is a primitive root (mod p) of inﬁnitely many primes”. In the 19th century, several mathematicians
proved (see Chapter VII in [11] for references) that whenever p is of the form 4q + 1, q-odd prime, 2
is a primitive root (mod p). In addition to odd primes, we are also looking for all odd numbers q such
that p = 4q + 1 with 2 as primitive root (mod p). For example as we can see from Table 5.1, that we
have (38, 19)-equiangular frame where 37 = 4· 9 + 1.
Note fromTable 5.1 thatwe are not getting all the equiangular tight frames of the type
(
p + 1, p+1
2
)
.
For example we did not get (18, 9)-equiangular frame. The next result will enable us to construct some
more equiangular tight frames again using the group (Zp,+).
Theorem 5.18. Let p be a prime of the formp ≡ 1(mod4) andG = (Zp,+). If 〈2〉 ⊂ (Zp, ·) is a subgroup
of index 2, then 〈2〉 is a quasi-signature set in G in G for a (p + 1, k)-equiangular frame if and only if
p ≡ 1(mod 8). In this case k = p+1
2
.
Proof. Let us denote S = 〈2〉 =
{
2k : k = 1, 2, . . . , p−1
2
}
. Since S is a subgroup of index 2 in (Zp, ·),
then for a /∈ S, we have T = a · S. Thus, |S| = |T| and let μ = |S| − |T|. As before, we will ﬁrst prove
that S = S−1 in (Zp,+) and then we will verify the conditions of Theorem 5.7.
Let g˜ ∈ S, then g˜ is of the form 2m for some m ∈
{
1, 2, . . . , p−1
2
}
. Since 2
p−1
2 ≡ 1(mod p) and 〈2〉
is a subgroup of index 2 in (Zp, ·), we have 2 p−14 ≡ (p − 1)(mod p). Thus
2m + 2 p−14 +m = 2m
(
1 + 2 p−14
)
≡ 0 (mod p).
Thus, 2
p−1
4
+m (mod p) is the inverse of g˜ in (Zp,+). Also note that if p−14 + m > p−12 , then p−14 +
m = p−1
2
+ swhere s ∈
{
1, . . . , p−1
2
}
. Thus 2
p−1
4 ≡ 2s(mod p) ∈ S where s ∈
{
1, . . . , p−1
2
}
. Hence S
is closed under inverses in the group (Zp,+).
For the second part assume that N
g˜
(S,S) = N for some N ∈ N. For any g ∈ S, g is of the form 2l for
some l ∈ N.
Let us denote
S ×g S = {(g1, g2) ∈ S × S : g1 + g2 = g}.
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Table 5.1
Equiangular tight frames obtained on implementing the above algorithm (Theorem
5.14) form < 100.
m (n, k) m (n, k)
0 (6, 3) 48 (390, 195)
1 (14, 7) 52 (422, 211)
3 (30, 15) 57 (462, 231)
4 (38, 19) 63 (510, 255)
6 (54, 27) 67 (542, 271)
7 (62, 31) 69 (558, 279)
12 (102, 51) 76 (614, 307)
18 (150, 75) 81 (654, 327)
21 (174, 87) 82 (662, 331)
22 (182, 91) 84 (678, 339)
24 (198, 99) 87 (702, 351)
33 (270, 135) 88 (710, 355)
36 (294, 147) 94 (758, 379)
39 (318, 159) 96 (774, 387)
43 (350, 175) 99 (798, 399)
46 (374, 187)
For i, j ∈
{
1, . . . , p−1
2
}
, since 2i + 2j ≡ 2m(mod p) if and only if 2l−m+i + 2l−m+j ≡ 2l(mod p), the
map φ : S ×2m S −→ S ×2l S such that
φ((2i, 2j)) = (2l−m+i(mod p), 2l−m+j(mod p))
is one to one and onto. Thus |S ×2m S| = |S ×2l S|. But |S ×2m S| = N2m(S,S). Thus, for all g ∈ S, we have
N
g
(S,S) = N.
Now if 2m ∈ S then 2m + 2m = 2 · 2m = 2m+1 ∈ S. Thus for g ∈ S, if (gi, gj) ∈ S ×g S, then (gj, gi)
∈ S ×g S. Also for all i, (gi, gi) ∈ S ×g S. Hence Ng(S,S) = |S ×g S| = N must be an odd number and let
N = 2r − 1 for some r ∈ N.
Similarly if h ∈ T , then h = a· 2m˜ for some m˜ ∈
{
1, . . . , p−1
2
}
and a /∈ S. Since a· 2i + a· 2j ≡
a· 2m˜ (mod p) if and only if 2i + 2j ≡ 2m˜ (mod p), the map that takes
S ×2m˜ S −→ T ×a·2m˜ T , (2i, 2j) −→ (a· 2i(mod p), a· 2j(mod p))
is one to one and onto. ThusNa·2m˜(T,T) = N2
m˜
(S,S). ButN
g
(S,S) = 2r − 1 for all g ∈ S. Thus for all h ∈ T , we have
Nh(T,T) = 2r − 1. By Theorem 5.7, Conditions 5.3 and 5.4 hold if and only if we have p+1−64 = 2r − 1;
that is, p = 8r + 1 or equivalently p ≡ 1(mod 8). Also μ = 0 implies that k = p+1
2
. 
Lets look at the example when p = 17.
Example 5.19. Let G = (Z17,+). Then 〈2〉 is a subgroup of index 2 in (Z17, ·). By Theorem 5.18, if
we take S = 〈2〉; that is, S = {2, 4, 8, 16, 15, 13, 9, 1}, then S is a quasi-signature set in G for (18, 9)-
equiangular frame.
The signature matrix obtained from the signature set S in the above example is shown in [21].
Remark 5.20. We know from number theoretic arguments that 2
p−1
2 ≡ 1 (mod p) if and only if p ≡
±1 (mod 8). Thus, in the algorithm for generating equiangular tight frames of the type
(
p + 1, p+1
2
)
from Theorem 5.18, wewill take primes of the form p = 8m + 1,m ∈ N and thenwill check forwhich
of the groups of the type (Zp, ·), we have 〈2〉 as a subgroup of index 2. Note that 73 = 8 · 9 + 1 but
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Table 5.2
Equiangular tight frames obtained on implementing the above algorithm (Theorem 5.18)
form < 300.
m (n, k) m (n, k)
0 (2, 1) 122 (978, 489)
2 (18, 9) 126 (1010, 505)
5 (42, 21) 141 (1130, 565)
12 (98, 49) 162 (1298, 649)
17 (138, 69) 170 (1362, 681)
24 (194, 97) 176 (1410, 705)
39 (314, 157) 186 (1490, 745)
50 (402, 201) 212 (1698, 849)
51 (410, 205) 234 (1874, 937)
56 (450, 225) 249 (1994, 997)
65 (522, 261) 260 (2082, 1041)
71 (570, 285) 267 (2138, 1069)
95 (762, 381) 269 (2154, 1077)
96 (770, 385) 270 (2162, 1081)
101 (810, 405) 287 (2298, 1149)
107 (858, 429) 297 (2378, 1189)
116 (930, 465)
〈2〉 is not a subgroup of index 2 in (Z73, ·) and conversely 〈2〉 is a subgroup of index 2 in (Z7, ·) but
7 ≡ 1 (mod 8).
Algorithm using Theorem 5.18 for generating equiangular tight frames
Begin by taking a positive integerm.
Step 1: Check whether 8m + 1 is a prime. If so, call it p.
Step 2: For p obtained in Step 1, evaluate l = 2i (mod p) for each i ∈
{
1, . . . , p−3
2
}
.
Step 3: If l /= 1 for all i ∈
{
1, . . . , p−3
2
}
, then the set
{
2r : 1 r  p−1
2
}
is a quasi-signature set for(
p + 1, p+1
2
)
-equiangular frame.
6. Cube roots of unity and signature pairs of sets
In [5], authors have showna construction of non-trivial signaturematriceswith off-diagonal entries
as cube roots of unity. They have presented a number of necessary and sufﬁcient conditions for the
existence of such a signaturematrix of an (n, k)-equiangular frame. In this section,wewill be extending
the resultswegot in the case of real equiangular tight frames to the casewhenQ is a cube root signature
matrix.
Let ω = −1
2
+ i
√
3
2
. Then the set {1,ω,ω2} is the set of cube roots of unity. Note also that ω2 = ω¯
and 1 + ω + ω2 = 0. In [5], a matrix Q is called a cube root Seidel matrix if it is self-adjoint, has
vanishing diagonal entries, and off-diagonal entries which are all cube roots of unity. Moreover, if Q
has exactly two eigenvalues, then we say that it is the cube root signature matrix of an equiangular
tight frame.
Deﬁnition 6.1. Let G be a group with |G| = n and λ : G → GL(F(G)) be the left regular representa-
tion. Let S, T ⊂ G\{e} be disjoint such that G\{e} = S ∪ T ∪ V where V = (S ∪ T)c\{e}. Form Q =∑
g∈S λ(g) + ω∑g∈T λ(g) + ω2∑g∈V λ(g). We call (S, T) a signature pair of sets for a cube root
(n, k)-equiangular frame if Q forms the cube root signature matrix of a (n, k)-equiangular frame.
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We will call frames arising from such signature pairs as (n, k)-cube root equiangular tight frames.
Similar to Theorem 3.7 in Section 3, we have the following result in the case of (n, k)-cube root
equiangular frame:
Theorem 6.2. Let G be a group with |G| = n. Let S, T ⊂ G\{e}-disjoint such that G\{e} = S ∪ T ∪ V
where V is as in Deﬁnition 6.1. Then there exists a k such that (S, T)will form a signature pair of sets for an
(n, k)-cube root equiangular frame if and only if the following hold:
(1) S = S−1 and T−1 = V;
(2) there exists an integer μ such that
(a) for all g ∈ S, we have
N
g
(S,S) + ω2Ng(T,T) + ωNg(V,V) + ω
(
N
g
(S,T) + Ng(T,S)
)
+ ω2
(
N
g
(S,V) + Ng(V,S)
)
+ Ng(T,V) + Ng(V,T) = μ; (6.1)
(b) for all h ∈ T, we have
Nh(S,S) + ω2Nh(T,T) + ωNh(V,V) + ω
(
Nh(S,T) + Nh(T,S)
)
+ ω2
(
N
g
(S,V) + Ng(V,S)
)
+ Nh(T,V) + Nh(V,T) = ωμ; (6.2)
(c) for all h˜ ∈ V, we have
Nh˜(S,S) + ω2Nh˜(T,T) + ωNh˜(V,V) + ω
(
Nh˜(S,T) + Nh˜(T,S)
)
+ ω2
(
Nh˜(S,V) + Nh˜(V,S)
)
+ Nh˜(T,V) + Nh˜(V,T) = ω2μ. (6.3)
In this case k and μ are related by the equations given in (2.3).
Proof. Form Q = ∑g∈S λ(g) + ω∑g∈T λ(g) + ω2∑g∈V λ(g). Then by Deﬁnition 6.1, (S, T) is a sig-
nature pair of sets for an (n, k)-cube root equiangular frame if and only if Q forms a signature matrix
for an (n, k)-cube root equiangular frame. From Theorem 2.4 we know that an n × nmatrix Q forms a
signaturematrix for an (n, k)-equiangular frame if and only if it satisﬁes the following two conditions:
(a) Q is self-adjoint; that is, Q = Q∗, and
(b) Q2 = (n − 1)I + μQ for some real number μ.
The condition Q = Q∗ is equivalent to
∑
g∈S
λ(g) + ω∑
h∈T
λ(h) + ω2 ∑
h˜∈V
λ(h˜) =
⎛⎝∑
g∈S
λ(g) + ω∑
g∈T
λ(g) + ω2 ∑
g∈V
λ(g)
⎞⎠∗
= ∑
g∈S
λ(g−1) + ω2 ∑
h∈T
λ(h−1) + ω ∑
h˜∈V
λ(h˜−1).
Thus g ∈ S implies g−1 ∈ S and h ∈ T implies h−1 ∈ V . By using counting arguments as before in
Theorem 3.7, the second condition Q2 = (n − 1)I + μQ for some real number μ, is equivalent to
(a) for all g ∈ S, we have
N
g
(S,S) + ω2Ng(T,T) + ωNg(V,V) + ω
(
N
g
(S,T) + Ng(T,S)
)
+ ω2
(
N
g
(S,V) + Ng(V,S)
)
+ Ng(T,V) + Ng(V,T) = μ;
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(b) for all h ∈ T , we have
Nh(S,S) + ω2Nh(T,T) + ωNh(V,V) + ω
(
Nh(S,T) + Nh(T,S)
)
+ ω2
(
N
g
(S,V) + Ng(V,S)
)
+ Nh(T,V) + Nh(V,T) = ωμ;
(c) for all h˜ ∈ V , we have
Nh˜(S,S) + ω2Nh˜(T,T) + ωNh˜(V,V) + ω
(
Nh˜(S,T) + Nh˜(T,S)
)
+ ω2
(
Nh˜(S,V) + Nh˜(V,S)
)
+ Nh˜(T,V) + Nh˜(V,T) = ω2μ. 
Theorem 6.3. Let G be a group with |G| = n and S, T ⊂ G\{e} -disjoint such that G\{e} = S ∪ T ∪ V
where V = (S ∪ T)c\{e}. Also let S = S−1 and T−1 = V . If (S, T) forms a signature pair of sets for an
(n, k(μ))-cube root equiangular frame, then the following hold:
(a) For all g ∈ S,
N
g
(S,T) + Ng(T,S) + Ng(T,T) =
n − 2 − μ
3
. (6.4)
(b) For all h ∈ T,
Nh(V,V) + Nh(S,T) + Nh(S,V) =
μ + n − 1
3
. (6.5)
(c) For all h˜ ∈ V,
Nh˜(T,T) + Nh˜(S,T) + Nh˜(S,V) =
μ + n − 1
3
. (6.6)
Proof. From Theorem 6.2, since μ is real, using Eq. (6.1) we have,
N
g
(T,T) + Ng(S,V) + Ng(V,S) = Ng(V,V) + Ng(S,T) + Ng(T,S). (6.7)
Assume |S| = l and for g ∈ S, Ng(T,T) = m. Then |T| = |V | = n−l−12 and Ng(T,S) + Ng(T,V) = n−1−l2 −
m. Thus by (6.7), we have
m + Ng(S,V) + Ng(V,S) = Ng(V,V) +
n − 1 − l
2
− m − Ng(T,V) +
n − 1 − l
2
− m − Ng(V,T);
that is,
3m + Ng(S,V) + Ng(T,V) + Ng(V,S) + Ng(V,T) = Ng(V,V) + n − 1 − l.
But we also have
N
g
(S,V) + Ng(T,V) + Ng(V,V) =
n − 1 − l
2
and
N
g
(V,S) + Ng(V,T) + Ng(V,V) =
n − 1 − l
2
.
Thus,
3m + n − 1 − l
2
− Ng(V,V) +
n − 1 − l
2
− Ng(V,V) = Ng(V,V) + n − 1 − l.
Hence we get N
g
(V,V) = m and for all g ∈ S,
N
g
(T,T) = Ng(V,V). (6.8)
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Again using (6.1), we have N
g
(S,V) + Ng(V,S) = Ng(S,T) + Ng(T,S). But for all g ∈ S, Ng(S,V) + Ng(S,T) =
N
g
(V,S) + Ng(T,S). Thus for all g ∈ S, we have
N
g
(S,V) = Ng(T,S) and Ng(V,S) = Ng(S,T). (6.9)
Using Eqs. (6.8) and (6.9), from (6.1) we get,
μ = Ng(S,S) − Ng(T,T) − Ng(S,T) − Ng(T,S) + Ng(T,V) + Ng(V,T)
= Ng(S,S) − Ng(T,T) − Ng(S,T) − Ng(T,S) +
(
|T| − Ng(T,T) − Ng(T,S)
)
+
(
|T| − Ng(T,T) − Ng(S,T)
)
= Ng(S,S) − 3Ng(T,T) + 2|T| − 2
(
N
g
(S,T) + Ng(T,S)
)
= Ng(S,S) − 3Ng(T,T) + 2|T| − 2
(
N
g
(S,T) + Ng(S,V)
)
= Ng(S,S) − 3Ng(T,T) + 2|T| − 2
(
l − 1 − Ng(S,S)
)
= 3Ng(S,S) − 3Ng(T,T) + n − 1 − l − 2l + 2
= 3Ng(S,S) − 3l − 3Ng(T,T) + n + 1.
Thus,n + 1 − μ = 3(l − Ng(S,S) + Ng(T,T)); that is, n+1−μ3 = (l − Ng(S,S) + Ng(T,T)). Butweknow that
N
g
(S,T) + Ng(S,V) = l − 1 − Ng(S,S). Thus,
N
g
(S,T) + Ng(S,V) + Ng(T,T) =
n − 2 − μ
3
or by (6.9)
N
g
(S,T) + Ng(T,S) + Ng(T,T) =
n − 2 − μ
3
.
To simplify Condition (6.2), assume that for h ∈ T , Nh(S,S) = m. Then as before, since μ is a real
number, we must have from Condition (6.2),
Nh(S,S) + Nh(T,V) + Nh(V,T) = Nh(T,T) + Nh(S,V) + Nh(V,S). (6.10)
Also we have
Nh(S,T) + Nh(S,V) = l − m and Nh(T,S) + Nh(V,S) = l − m. (6.11)
Thus (6.10) changes to m + Nh(T,V) + Nh(V,T) = Nh(T,T) + l − m − Nh(S,T) + l − m − Nh(T,S); that is,
m + Nh(T,V) + Nh(T,S) + Nh(V,T) + Nh(S,T) = Nh(T,T) + 2l − 2m. But Nh(T,V) + Nh(T,S) = |T| − 1 − Nh(T,T) and
Nh(V,T) + Nh(S,T) = |T| − 1 − Nh(T,T). Thus we have m + 2(|T| − 1 − Nh(T,T)) = Nh(T,T) + 2l − 2m; that
is, Nh(T,T) = m − l − 1 + n3 . Again using (6.10) we have
m + Nh(T,V) + Nh(V,T) = m − l − 1 +
n
3
+ Nh(S,V) + Nh(V,S).
Thus,
Nh(T,V) − Nh(S,V) + Nh(V,T) − Nh(V,S) =
n
3
− l − 1. (6.12)
But Nh(T,V) + Nh(S,V) = |V | − Nh(V,V) and Nh(V,T) + Nh(V,S) = |V | − Nh(V,V). Thus we have, |V | − Nh(V,V)
− 2Nh(S,V) + |V | − Nh(V,V) − 2Nh(V,S) = n3 − l − 1; that is, 2|V | − 2Nh(V,V) − 2Nh(S,V) − 2Nh(V,S) = n3 −
l − 1. If Nh(V,V) = m˜, then we have
2
(
Nh(S,V) + Nh(V,S)
)
= n − l − 1 − 2m˜ − n
3
+ l + 1.
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That is,
Nh(S,V) + Nh(V,S) =
n − 2m˜ − n
3
2
= n − 3m˜
3
.
Thus using (6.12) we have,
Nh(T,V) + Nh(V,T) =
n
3
− l − 1 + n − 2m˜ −
n
3
2
= 2n − 3l − 3 − 3m˜
3
and using (6.11), we have
Nh(T,S) + Nh(S,T) = 2(l − m) −
(
n − 3m˜
3
)
= 6l − 6m − n + 3m˜
3
.
Substituting the values obtained above in (6.2) we have,
ωμ = m + ω2
(
m − l − 1 + n
3
)
+ ωm˜ + ω
(
6l − 6m − n + 3m˜
3
)
+ω2
(
n − 3m˜
3
)
+ 2n − 3l − 3 − 3m˜
3
= 3m + 2n − 3l − 3m˜ − 3 + ω
2(3m − 3l − 3 + 2n − 3m˜) + ω(6m˜ + 6l − 6m − n)
3
= ω(9m˜ + 9l − 9m − 3n + 3)
3
μ = 3m˜ + 3l − 3m − n + 1.
Thus
μ + n − 1
3
= m˜ + l − m;
that is,
Nh(V,V) + Nh(S,T) + Nh(S,V) =
μ + n − 1
3
.
By symmetry, Condition (6.3) reduces to for all h˜ ∈ V , we have
Nh˜(T,T) + Nh˜(S,T) + Nh˜(S,V) =
μ + n − 1
3
. 
We have the following corollary, a more general case of which was shown in [5] as Proposition 3.3.
Here we prove it in the case of cube root equiangular tight frames arising from signature pairs of sets
in groups.
Corollary 6.4. LetG be a groupof order n. If there exist a signature pair (S, T)associatedwith an (n, k)-cube
root equiangular frame, then the following hold:
(a) n ≡ 0 (mod 3).
(b) μ is an integer and μ ≡ 1 (mod 3).
(c) The integer 4(n − 1) + μ2 is a perfect square and in addition 4(n − 1) + μ2 ≡ 0 (mod 9).
Proof. Let G be a group of order n and let there exist a signature pair (S, T) associated with an (n, k)-
cube root equiangular frame, then by Theorem6.3, Eqs. (6.4) and (6.5) hold. Adding Eqs. (6.4) and (6.5),
we get n ≡ 0 (mod 3). Since n is an integer and from Eq. (6.4), n−2−μ
3
is an integer, thus μ is also an
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integer. Let n = 3m for somem in N. From Eq. (6.6), we know that μ+n−1
3
is an integer, say l. Thus we
have, μ = 3(l − m) + 1; that is, μ = 1 (mod 3).
For the third part, using the relation given in (2.3) between k and μ, we have
k = 3m
2
⎛⎝1 − 3m˜ + 1√
4(3m − 1) + (3m˜ + 1)2
⎞⎠ ,
wheren = 3m form ∈ Nandμ = 3m˜ + 1 for m˜ ∈ Z. Thus4(3m − 1) + (3m˜ + 1)2 shouldbeperfect
square. But
4(3m − 1) + (3m˜ + 1)2 = 3(3m˜2 + 2m˜ + 4m − 1).
Thus, 4(3m − 1) + (3m˜ + 1)2 ≡ 0 (mod 3). But since 4(3m − 1) + (3m˜ + 1)2 is a perfect square,
we have 4(3m − 1) + (3m˜ + 1)2 ≡ 0 (mod 9). 
Example 6.5. Let G = (Z3,+). If we take S = {1, 2} and T = ∅, then for g ∈ S, Ng(S,S) = 1. Since it is
the only non-zero value, using Eq. (6.1), we have μ = 1. The signature matrix is Q =
⎛⎝0 1 11 0 1
1 1 0
⎞⎠
which gives rise to the trivial (3, 1)-equiangular frame.
If we take S = ∅, T = {1} and V = {2}, then for h ∈ T , Nh(V,V) is the only non-zero value and
equals 1. Using Eq. (6.2), we have μ = 1. In this case we get the following signature matrix Q =⎛⎜⎝ 0 ω ω2ω2 0 ω
ω ω2 0
⎞⎟⎠which is again a signature matrix for the trivial (3, 1)-equiangular frame.
Next we would like to examine the case of non-trivial cube root equiangular tight frames arising
from a signature pair of sets. In the process, wewill look at some speciﬁc values of n andμ and use the
theorywe have so far to investigate the possibility of the existence of non-trivial cube root equiangular
tight frames arising from a signature pair of sets.
Lemma 6.6. Let G be a ﬁnite abelian group of order m where m ∈ N is odd. Then for every element
e /= g ∈ G, there exists a unique h /= e such that g = h2.
Proof. Firstwewill showthat for g ∈ G there exists anh ∈ G such that g = h2. Theorder ofG beingodd
implies that theorderofg is odd. Thus thereexists an r ∈ N such thatg2r+1 = e. Thusg2r+1 · g = e · g;
that is, (gr+1)2 = g. Taking h = gr+1 ∈ G, we have h2 = g. Now suppose that there exists e /= h, e /=
h˜ ∈ G such that g = h2 and g = h˜2. Then h2h˜−2 = e. Since G is abelian, we have (hh˜−1)2 = e. This is
only possible when hh˜−1 = e; that is, h = h˜. 
Proposition 6.7. Let G be an abelian group of order n where n ≡ 3 (mod 6) and let μ ≡ 4 (mod 6).
Then there does not exist a signature pair of sets in G associated with a (n, k(μ))-cube root equiangular
frame.
Proof. Suppose on the contrary that there exists a signature pair (S, T) associatedwith (n, k(μ))-cube
root equiangular frame. Then using (6.4) in Theorem 6.3, we have N
g
(S,T) + Ng(T,S) + Ng(T,T) = n−2−μ3 .
Since n ≡ 3 (mod 6) and μ ≡ 4 (mod 6), there exists k ∈ N, and k′ ∈ Z such that
n − 2 − μ
3
= 6k + 4 − 2 − (6k
′ + 4)
3
= 2(k − k′) − 1.
Also, G abelian implies N
g
(S,T) = Ng(T,S). Hence for all g ∈ S, we have
2N
g
(S,T) + Ng(T,T) = 2(k − k′) − 1. (6.13)
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Since the right hand side of (6.13) is odd, N
g
(T,T) must be a positive odd integer. For g˜ ∈ S, by Lemma
6.6 we know that there exists a unique e /= h ∈ G such that h2 = g˜. Since Ng˜(T,T) is odd, h must be in
T . Thus h−1 ∈ V . Since S is closed under inverses, we have g˜−1 ∈ S and g˜−1 = h−2 = (h−1)2. This
contradicts that N
g˜−1
(T,T) is odd. Thus there does not exist a signature pair of sets in G associated with the
(n, k)(μ)-cube root equiangular frame. 
Remark 6.8. It was shown in [5] that there exists a (9, 6)-cube root equiangular frame with μ = −2.
Also we know from Theorem 2.1/Exercise 5.13 in [15] that there are two distinct groups of order 9;
that is, Z9 and Z3 × Z3, both abelian. Since 9 ≡ 3 (mod 6) and −2 ≡ 4 (mod 6), using Proposition
6.7, there does not exist a signature pair of sets in Z9 or Z3 × Z3 associated with the (9, 6)-cube
root equiangular frame. The next possible (n, k) value of a cube root equiangular frame listed in [5] is
(33, 11)withμ = 4. Once again 33 ≡ 3 (mod 6) and 4 ≡ 4 (mod 6). Using Proposition 6.1 in [15], we
infer that every group of order 33 is isomorphic to the cyclic groupZ33. Thus using Proposition 6.7, we
can conclude that there does not exist a signature pair of sets in Z33 associated with a (33, 11)-cube
root equiangular frame.
This motivates us to explore the quasi-signature case. Similar to Section 5, where we had real
signature matrices in the standard form, next we will look at the cube root signature matrices in the
standard form.
7. Cube roots of unity and quasi-signature pairs of sets
In this section we will consider the signature matrices in the standard form with entries as cube
roots of unity. We know from Lemma 2.2 in [5] that if Q is an n × n cube root Seidel matrix, then it is
switching equivalent to a cube root Seidel matrix of the form
Q ′ =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
0 1 . . . . . . 1
1 0 ∗ . . . ∗
... ∗ . . . . . . ...
...
...
. . .
. . .
...
1 ∗ . . . . . . 0
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,
where the∗’s are cube roots of unity.Moreover,Q is the signaturematrix of an equiangular (n, k)-frame
if and only if Q ′ is the signature matrix of an equiangular (n, k)-frame.
Thus we have the following deﬁnition when cube root signature matrix is in the standard
form:
Deﬁnition 7.1. Let G be a group such that |G| = m. Let S, T ⊂ G\{e} be disjoint such that G\{e} = S ∪
T ∪ V whereV = (S ∪ T)c\{e}. Forω = −1
2
+ i
√
3
2
, formQ = ∑g∈S λ(g) + ω∑h∈T λ(g) + ω2∑h˜∈V
λ(h˜) as in Section 6. Let
Q˜ =
[
0 Ct
C Q
]
,
where
C =
⎛⎜⎜⎝
1
...
1
⎞⎟⎟⎠ ∈ Cm.
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Then we call (S, T) a quasi-signature pair for an (n, k)-cube root equiangular frame where n =
m + 1 if Q˜ forms a cube root signature matrix for an (n, k)-cube root equiangular frame.
Analogous to Theorem 5.3 that gives us a necessary and sufﬁcient condition for the existence of
quasi-signature set, we have the following result about the quasi-signature pair of sets.
Theorem 7.2. Let G be a group such that |G| = m. Let S, T ⊂ G\{e} be disjoint such that G\{e} = S ∪
T ∪ V where V = (S ∪ T)c\{e}. Then there exists a k such that (S, T) is a quasi-signature pair of sets for
an (n, k)-cube root equiangular frame if and only if the following hold:
(1) S = S−1 and T−1 = V;
(2) (a) for all g ∈ S,
N
g
(S,S) + ω2Ng(T,T) + ωNg(V,V) + ω
(
N
g
(S,T) + Ng(T,S)
)
+ ω2
(
N
g
(S,V) + Ng(V,S)
)
+ Ng(T,V) + Ng(V,T) = μ − 1;
(b) for all h ∈ T,
Nh(S,S) + ω2Nh(T,T) + ωNh(V,V) + ω
(
Nh(S,T) + Nh(T,S)
)
+ ω2
(
Nh(S,V) + Nh(V,S)
)
+ Nh(T,V) + Nh(V,T) = ωμ − 1;
(c) for all h˜ ∈ V,
Nh˜(S,S) + ω2Nh˜(T,T) + ωNh˜(V,V) + ω
(
Nh˜(S,T) + Nh˜(T,S)
)
+ ω2
(
Nh˜(S,V) + Nh˜(V,S)
)
+ Nh˜(T,V) + Nh˜(V,T) = ω2μ − 1;
where μ = |S| − |T| and is related to k by equations given in (2.3).
Proof. Form Q = ∑g∈S λ(g) + ω∑h∈T λ(h) + ω2∑h˜∈V λ(h˜) and
Q˜ =
[
0 Ct
C Q
]
,
where
C =
⎛⎜⎜⎝
1
...
1
⎞⎟⎟⎠ ∈ Cm.
Then by Deﬁnition 7.1, (S, T) is a quasi-signature pair of sets for an (n, k)-cube root equiangular
frame if and only if Q forms a signature matrix for an (n, k)-equiangular frame. From Theorem 2.4, Q˜
will form a signature matrix for an (n, k) equiangular frame if and only if it satisﬁes the following two
conditions:
(a) Q˜ is self-adjoint; that is, Q˜ = Q˜∗, and
(b) Q˜2 = (n − 1)I + μQ˜ for some real number μ.
The condition Q˜ = Q˜∗ is equivalent to Q = Q∗ which is equivalent to saying that g ∈ S implies
g−1 ∈ S and h ∈ T implies h−1 ∈ V .
2240 P. Singh / Linear Algebra and its Applications 433 (2010) 2208–2242
For the second condition we need Q˜2 = (n − 1)I + μQ˜ . We have
Q˜2 =
[
n − 1 C˜t
C˜ J + Q2
]
,
where C˜ = αC, α = |S| + ω|T| + ω2|V | = |S| − |T|. Thus Q˜2 = (n − 1)I + μQ˜ if and only if
(a) α = |S| − |T| = μ, and
(b) J + Q2 = (n − 1)I + μQ ; that is, Q2 = (n − 1)I + μQ − J. Since J = ∑g∈G λ(g), we have
Q2 = (n − 1)I + μQ − J
= (n − 2)I + μ
⎛⎝∑
g∈S
λ(g) + ω∑
h∈T
λ(h) + ω2 ∑
h˜∈T
λ(h˜)
⎞⎠− ∑
g∈G\{e}
λ(g)
= (n − 2)I + (μ − 1)∑
g∈S
λ(g) + (ωμ − 1)∑
h∈T
λ(h) + (ω2μ − 1)∑
h˜∈T
λ(h˜).
By the same counting arguments as before we have that Q˜2 = (n − 1)I + μQ˜ if and only if for all
g ∈ S,
N
g
(S,S) + ω2Ng(T,T) + ωNg(V,V) + ω
(
N
g
(S,T) + Ng(T,S)
)
+ ω2
(
N
g
(S,V) + Ng(V,S)
)
+Ng(T,V) + Ng(V,T) = μ − 1,
for all h ∈ T ,
Nh(S,S) + ω2Nh(T,T) + ωNh(V,V) + ω
(
Nh(S,T) + Nh(T,S)
)
+ ω2
(
Nh(S,V) + Nh(V,S)
)
+Nh(T,V) + Nh(V,T) = ωμ − 1,
for all h˜ ∈ V ,
Nh˜(S,S) + ω2Nh˜(T,T) + ωNh˜(V,V) + ω
(
Nh˜(S,T) + Nh˜(T,S)
)
+ ω2
(
Nh˜(S,V) + Nh˜(V,S)
)
+Nh˜(T,V) + Nh˜(V,T) = ω2μ − 1,
where μ = |S| − |T|. 
Remark 7.3. From Theorem 7.2, note that if S, T ⊂ G is a quasi-signature pair of sets for an (n, k(μ))-
cube root equiangular frame then |S| − |T| = μ.
Proposition 7.4. Let G be a group of order m and S, T, V ⊂ G\{e} be pairwise disjoint such that G\{e} =
S ∪ T ∪ V where S = S−1 andV = T−1.Then the condition |S| − |T| = μ for some integerμ is equivalent
to
|S| = n + 2μ − 2
3
and |T| = n − 2 − μ
3
, (7.1)
where n = m + 1.
Proof. Let μ be an integer. Since G\{e} = S ∪ T ∪ V where S, T , V are pairwise disjoint with S =
S−1 and V = T−1, we have |S| + 2|T| = n − 2. If |S| − |T| = μ, then solving these equations for |S|
and |T|, we get |S| = n+2μ−2
3
and |T| = n−2−μ
3
. Conversely if |S| = n+2μ−2
3
and |T| = n−2−μ
3
, then
|S| − |T| = μ. 
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We know from [5] that there exists a (9, 6)-cube root equiangular frame. In the following example
wewill show that certain subsets of the group of quaternions is a quasi-signature pair for a (9, 6)-cube
root equiangular frame.
Example 7.5. Let G = {1,−1, i,−i, j,−j, k,−k} be the group of quaternions where i2 = −1, j2 = −1,
k2 = −1, i· j = k, j· k = i, k· i = j, j· i = −k, k· j = −i and i· k = −j. Using Proposition 7.4, let us take
S, T , V as follows:
S = {−1}, T = {i, j, k}, V = {−i,−j,−k}.
Then all the conditions of the Theorem 7.2 are satisﬁed and we get μ = −2. Using 2.3, we get
k = 6. Hence (S, T) is a quasi-signature pair of sets in G for (9, 6)-cube root equiangular frame. The
signature matrix for a (9, 6)-cube root equiangular frame is given below in the standard form (here
n = |G| + 1 = 9):
Q˜ =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
0 1 1 1 1 1 1 1 1
1 0 1 ω ω2 ω ω2 ω ω2
1 1 0 ω2 ω ω2 ω ω2 ω
1 ω2 ω 0 1 ω2 ω ω ω2
1 ω ω2 1 0 ω ω2 ω2 ω
1 ω2 ω ω ω2 0 1 ω2 ω
1 ω ω2 ω2 ω 1 0 ω ω2
1 ω2 ω ω2 ω ω ω2 0 1
1 ω ω2 ω ω2 ω2 ω 1 0
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.
8. Conclusions
We have presented a novel way to construct equiangular tight frames by considering subsets of
groups having certain properties. We are able to show that a lot of real equiangular tight frames are
associated with signature sets and quasi-signature sets. In Table 8.1, we consolidate all the examples
of equiangular tight frames obtained via group constructions. Here (n, k) is the usual notation of a
Table 8.1
Equiangular frames obtained using groups.
(n, k) G Type Set/s Result
(n, 1) G S Subgroup of index2 Theorem 3.12
(16, 6) C4 × C4 S {a, a2 , a3 , b, b2 , b3} Proposition 3.15
(36, 15) C6 × C6 S {a, . . . , a5 , b, . . . , b5 , ab, . . . , a5b5} Proposition 3.16(
n,
n−√n
2
)
Z2
2a+1 , a ∈ N S Reversible Hadamard difference set Theorem 4.12
(10, 5) C3 × C3 QS {a, a2 , b, b2} Proposition 5.11
(26, 13) C5 × C5 QS {a, . . . , a4 , b, . . . , b4 , ab, . . . , a4b4} Proposition 5.12
(
p + 1, p+1
2
) (Zp, · )
p ≡ 5 (mod 8) QS
{
22r : 1 r  p−1
2
}
Theorem 5.14
(
p + 1, p+1
2
) (Zp, · )
p ≡ 1 (mod 8) QS
{
2r : 1 r  p−1
2
}
Theorem 5.18
(9, 6) Quaternions QSP {−1},{i, j, k} Example 7.5
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frame of n vectors in a k-dimensional Hilbert space, G is the group associated with this frame. S, QS,
SP,QSP are the corresponding sets: signature, quasi-signature, signature pair and quasi-signature pair.
In the fourth column, we explicitely describe these sets. The last column of the table lists the result
associated with that corresponding frame.
We observed a new correspondence between signature sets of real equiangular tight frames of
the type
(
n,
n−√n
2
)
and reversible Hadamard difference sets. Finding groups that admit reversible
Hadamard difference sets is an active area of research and could be explored further using this corre-
spondence. We also discovered a relationship between Artin’s conjecture [2] in the case of a = 2 and
equiangular tight frames of the type
(
p + 1, p+1
2
)
where p is a prime of the form p ≡ 5 (mod 8).
From the results seen in Table 8.1, note that we cannot get all equiangular tight frames arising
from groups. When there exists equiangular tight frames arising from groups, then we know from
[4] that there are at most ﬁnitely many frame equivalence classes. Hence the problem of determining
equiangular tight frames is reduced to theproblemofﬁnding representatives for eachequivalence class
and determining which one of these ﬁnitely many equivalence classes is optimal. Finding optimal
equivalence classes of frames using groups is another important area of investigation that can be
explored in future research.
In the case of cube root equiangular tight frames, we have shown that the (9, 6)-cube root equian-
gular tight frame naturally arises from the group of quaternions. Our methods extend to show that
there exists a (45, 12) equiangular tight frame.
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